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CIRCULATION MODEL FOR GAS RESIDENCE
TIME DISTRIBUTION IN THREE~PHASE FLUIDIZATION

Gas flow in three-phase (gas, liquid, solid) fluidization has been shown
to be gemerally characterized by an upflow of gas bubbles in the center
region of the bed and a downflow of gas bubbles near the wall region.

In order to describe the various degrees of gas mixing which may occur
in each region, a circulation model consisting of n and m completely
mixed tanks is proposed. This is shown schematically in Figure F-1.

Mathematical Development

A material balance at the node where the recircvlation stream and input
stream meet leads to the equation:

Wi+ wlz = we )

To derive the response equation to the system shown in Figure F-1,
consider the transfer function in the Laplace douwain for the n and m
tanks, respectively (55).

ColS) o —pt

a(s) s ;...V: +17° @
1

G " s f2 41" ®

Taking the Laplace transform of Equation 1 and resrranging:

X cy(s) + =& 8) = (y(S) (4)
\h.“) \»,,CE() 1

Substituting the transfer functions into Equation 4 and rearranging:

Co(S) 5 [s% +1T

€L (s) {Csty + 1"(stx + 17" - ':':f]

)

where , = V, /oy and E2 = Vp/mvp, assuming equal sized tanks in
each stream.

Letting A = w’(v,_Eln) and B = \n/w (1/E;"E.™) gives a more workable form
of Equation 5 as:

6 (5) A(S + 1/E)"™ ©
c1(s) [(s + 1/8)7¢(5 + 1/E2)™ - B)
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Equation 6 is the general transfer function for the recirculation model
shown in Figures F~1 and 36.

Consider now the analytical response equation of the system to an impulse
input of tracer.

The first output signal will be for the n tanks alone«-i.e., Cz(S) = 0:

C1(s) = ‘3{"1‘5’ 7

CofS) o —t—x 8
Cy (S) (st + nt ®

Substituting Equation 7 into Equation 8 gives the transfer functlionm for
the first output signal as:

Cofs) | M (9)
ci(s) = (sty + 1)°

The second output signal, corresponding to one complete loop, may be
obtained by first substituting Equation 9 into Equatiom 3:

ca(s) Vv 1 (10
ci(s)y " st + )T | (stz + T

A wmaterial balance at the first node gives, Cj(S) = 0,
€i(s) = = Ca(S) an

Substituting Equation 11 into Equation 10:

CifS) = ¥ [_hgb_n__“} (2)
(sto + 1)

Cs(s) (sty +1)

Substituting Equation 12 into Equation 2 yields the transfer function
for one complete loop as:

CofS) = /v ) 1 1 (13)
c{%'s';' GE + D" {va stz + D" (5% + 1)“]

Continuing this procedure, it can easily be shown that the overall
transfer function with an impulse input to the system may be generally
written:
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_.Ll-_...i‘ 1 s

R-1
cO s - hY] W )
Ci(S) W R {(TE) (SE;, + DFR (SEz + 1)(’"1)‘“} (14)

letting a = Rn and b = (R-1)m:

.o R-1
ColS) . » oY 1 1
O NN {(\u) £ <s+u£;)’(s+u£2")'5} 13

In order to obtain the inverse function, first consider the term

1
(s - a,)%(5 - a2)°
where a; = -1/E;

and ap = =1/tp
_.Now consider a Heaviside expansion formula for repeated xoots (56):

1
£8) = (5~ 2% - )P

k [ E X KN L—-
-(S-ll).+s-l;; + +(s-a,_)

c ~&
a Ar b
3 16
"L Grar -t It G e

In order to obtain the values of the coefficients, first multiply both
sides of Equation 16 by (S - a,)%:

f(S)(s - .].).' = Al +k(s - .'1) *+ seses + A‘,(s - l;)a - 1

b
Cx
+(5-~0)2¢ T TeT=pcT¥F1

(5 -m) {r-l(s az) }

a
E(S)(S -~ 0;)® = T 1(s - a)F " lag 4 (5 - 2,)%,(5) an
re
b

where h; (5) = 21 s - qa)b-‘i'-i-l
r=
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pifferentiating Equetion 17 successively (M - 1) times, vhere 1 <« M < r,
all terms in the summation from r = 1tor=M-~- 1 disappear, leaving:

dn-l a
SHT (s~ a)?()] = T (r-D@E=Deeec@-H+ D)

r=M
M-1

d
Es - a)F - M A;\+ ST (5 - 2™y (8)

Setting S= a,, all terms will disappear except that in which r = M.
In the remaining term, replace M by r:

-1
1 T
Ar = TEDT ar Il -a)?ee] | g, (18)
where 1 €r < a.
The coefficients Cy can be determined in a similar fashion as:
dt - 1
C = E,—i-'—-ﬁ'! qE -1 [(s - az)P5()] | S = as (19)

where 1 = r = b.

Making use of the Laplace transform pairs:
k-1

1'1['(';}—.1)%} - “('E"-TT

eﬂ;t

17 Yea) + (9] = La @] + L)) = 100 + 200

This leads to:

a a-rT b =T ¢
(o = Ty GTor U et
= -

Subatituting Equations 18 and 19 into the above gives:

a 1 dr - 1 ta - T
£(t) me®tzx T DT aF =T Us - a0 gy, - G OT
r=

b r-1 ber
ast 1 d s
+e f'l (I - 1): dst - L [(S - aE)bf(s)] is - a * (b - 1‘):
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The dimen?ionless exit age distribution function may now be obtained
from the inverse ¢f Equation 15 and by noting that E(9)} = tE(t).

\E R‘f R~-1 a re1
x -7 (_.‘.;%) 1 &t 1 d
E() ® 7 R_l{ vy £ 8.0 e fﬂl (r -1 dst -1
ta - T a t 1 d'l'.' - 1
{(S - al)af(s)] lS = a, +(@-n! + € 2 E:]. (r - 1)! dst - I
b-r
(s -®]) 5 L, - Erps ,),] 20)

£ R* A &1 1 o
- —F =Ty
E(8) (l + M\ i"l (1 + A tl‘tz [e

a a~-r
1 ar =1 t
f,l G- DT gor - 1 LG5 - 8)%(9)] lS -a * @-DF
b 1 ar~-1
- e - b
+ 772 I G-Df g1 [(s - abe(9)] g, .
b~z
t
-5 r)!] 1)

Method of Solution

Although Equation 20 appears to be somewhat complex, solving the general
transfer function, Equation 6, numerically can be even more tedious,
time~consuming, and often yields unreliable resulta (57,58). By making
several transformations, the analytical solution developed can be
easily programmed:

Consider the term:

a 1 dr—l a t"r'
I GE-D gF -1 ((s - a,)%£(s)] |s ca G-

Rewrite the derivative term to give:

a 1 ar =1 1 | 8~ T
E_l(r-l)l ast -1 |(8-22)® |lg=a * G-
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A generalized recursion formula for the derivative term may be
readily derived:

Consider the term:

ar-l 1
dasr-1 [%s - az)b s = a

For r = 2:

d_ 1 - (-b)
il loaarry L2 Tay = a)®T

s=al

For r = 3:

a2 1
ds® {s ~ az)b

d

—

= §4:
3 1
ds3 (s - 62)E

[}

(-b)[(-b + 1]
ay (a; - a2)b+2

(-b){-b + D)][-(b + 2}]
(a1 - az)b+3

8 = ajy

For r = a, then:
aa-1 1 - (B)[-(b + D])....[-(b=a - 2)]
dasa-1 [ (s = an)P (a) - ap)b+a-1
8 = 81

Generalizing, replacing a by r leads to the general recursion formula.

ar - 1 1 |
st - T |5~ | 's=ay

G-+ DA G+ 22Teee..[c B+ =-2] 5,
b4+r-1
(a; - az)

A -similar equation for the remaining derivative term may be written-as:

df‘ 1 1 I
ast "1 [(s -8 ST
(- )~ @+ D= (a+2)]eeeef=-(@a+r - D] £, 51,
(aa-al)ﬂ"'l'-l
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For R = 1, corresponding to the first pass through the upflow branch,
these formulas are not needed. Equation 15 will collapse to:

v 1 H
e(s) = ¥; ° HE G g

Then:
tn“'l

E(8) = V) t? (n- Dt e t/Ty

which is the response of n CSTR's in series (59), modified for a
volume fraction of less than one.

Figure F-2 shows the flow diagram for the computational procedures based
on the proposed model. Calculations of the cxit age distribution
function begin with specifications of n, w, A, and P;. Assuming that
the n tanks are all of equal size, Vp/n, and that the m tanks are all

of :q;l:l silze, Vm/m, the following relationships can be easily shown
to ho H

2200
Ea P \® +
t = Eyn(l +2) + tamh

wvhere: P; = Vn/V

v./V
1™ Py

P
34

The exit age distribution is calculated from Equation 21 and the approp-—
riate recursion formula from the derivatives. Once the exit age dis-
tribution for each output has been determined, 2 summation over all
outputs is made to give the final exit age distribution for the specified
parameters. The Fortran program used for the calculation appears in
Table F-1.

Figures F-3 and F-4 show some typical response curves obtained from the
model. For most regions of interest, the initial response of such

a system is controlled by the number of tanks in the upflow stream

and the upfilow volume fraction. The influence of the recycle branch
will largely affect the later decay of the response signal.

‘A comparison may be made between -this model .and that recently published
by Mann, et al. (58). Figure F-5 contrasts the model predictions

(note that different definitions of recycle ratio are used ). The
agreement is excellent, indicating that the two approaches--summation
by convolution in the time domain, or Heaviside expansion in the
Laplace domain--yield equivalent solutions.
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Application to Experimental Radiotracer Data

This model was then used to describe flow patterns observed during

the radiotracer tests. Figure F-6 shows the results of two tests
conducted with no coal fines present in the kerosene. At low gas
rates, the upflow branch consists of five CSTR's in series; this

flow regime is intermediate between backmix and plug flow. A small
amount of recycle is present through the one downflow CSTR. Increasing
the superficial gas velocity from 0.10 ft/sec to 0.20 ft/sec decreased
the number of tanks from five to two, and also slightly diminished

the volume fraction occupied by the upflow stream.

The addition of fines to the kerosene changed the residence time
distribution as indicated in Figure F~7. For the two experiments
shown, the behavior is closely represented by one backmix reactor
with a small recycle probability (0.05-0.10). The apparent time
delay of 0.2 @ (corresponding to 2-3 seconds) may be related to the
rise time for a large gas bubble. This is especially probable for
Test 15: a better fit to the response curve could be made by assuming
the initial peak of E(0) to be a bubble leaving the bed; other gas
remaining in the bed would then recirculate to produce the dispersed
response seen experimentally.
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NOMENCLATURE FOR APPENDIX F

Rn

~1/%,

-1/tz

v/(thxn)

First term coefficients in pi?ttal fraction expansion

{R ~ )m

(/o) (1/E, B2 )

Outlet tracer concentration from system (arbitrary units)

Inlet tracer concentration to the n tanks (arbitrary
units)

Qutlet tracer concentration from the m tanks (arbitrary
units)

Second term coefficients in partial fraction expansion
Exit age distribution function (1/time)
Dimensionless exit age distribution function
Number of tanks in downflow region

Number of tanks in upflow region

Volume fraction in upflow stream

Volume fraction in downflow stream

Output signal number

Maximum number of cycles

Mean residence time, V/

Mean residence time in the nth tank

Mean residence time in the mth tank
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NOMENCLATURE FOR APPENDIX F
ey

Total gas volumetric flow rate
Gas volumetric flow rate in upflow stream
Gas volumetric flow rate in downflow stream

Total gas volume in system
Total volume of the m tanks
Total volume of the n tanks

Dimensionless time
Recycle ratio

Initial delay in plug flow element
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Figure F-1
Gas mixing model
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GGUEUTATION TROCGRURE
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For Recirculation Model:
m, n, A, P
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Begin External
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Compute Second
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Derivative at ap
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Figure F-3

Typical response curves based on the

proposed model

input parameters:
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A= 0.05
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Figure F-4
Typical response curves based on the
proposed model
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Figure F-b
Comparison of Laplace transform and
integral models
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Comparison of gas mixing model with experiments:

Kerosene/catalyst/no fines
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Flgure F-7

Comparison of gas mixing model with experiments:
Kerosene/catalyst/15.5 vol % coal fines
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