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Appendix Il

Solution of the differential equations describing chain
growth during Fischer-Tropsch Synthesis

The solutions for the differential equations that describe the
chain growth model used in Chapter IV are derived in this Appendix.
The s:arting point is the equations (egn.1 and 3 in Chapter V) for
the fractional label incorporation in the monomer pool and in“each of
the Cn pools that are the precursors to the hydrocarbon products of
chain length n. F; is the fractional label content of poc! i on the
surface; 1, is the lifetime of ‘the monomer pool and t is the lifetime

of each of the C, surface pools.

d Fm(t) __1- Fm (1)

dt T (1)
6 Fult (n-1)Faq )+ Fol® g g
dt T forn=1,n..... (2)

Initial and Boundary éonditiohs:
1. The F curves for the monomer and all the Cn pools start at 0 at
1 =0, i. e, Fm(t=0) = Fi{t=0) = 0, where i = 1, n.
2. Att = o, all F curves have reached steady state and are equal
to 1.0

Laplace transforms of the first-order differential equations 1
and 2 are used to obtain solutions for Fp{t). The Lapiace transform
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(L.T.) of Fi(t) will be represented as fi(s).
Taking the L.T. of equation 1 gives:

3
stm(s) - Fm(0} = (—E——E—(s—n ...... (3)
From the initial condition for Fm. Fm(0) = 0; so this can be simplified
to give
fm(s) = ——— |
Stm(S+ ;1;) ______ (3"

This exhression now yields the soiution that

Fmit) = 1.0 - exp (#) ________ (4)
Taking the L.T. of equation 2 , we get:
n-1 fn S
ta(s) - Faf0) = 1 1(5) + Liy(s) - FnlS) — (5)

Again, using the initial condition that Fn{0) = 0, this yields:

fa(s) = ——--‘T[fb(s) + (n-1) fa.s(s)]
nt(S-i?) — (5-)

The L.T. of each pooi depends on the L.T. of the previous pool in this
set of recurring relationships as well as fp(s), except for the

expression for f;(s) which only involves fp(s). From equation 5',

f1(s) = —L—[fo(s)]
s+ e (8)

Now, this expression for fi{s) can be used with equation 5' to yield
an expression for fo(s) and so on; ultimately, this resulls in the

following expression for fu(s):
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fols) = fbigs)r 11 P - 1 n}

[+ s+l s+ | (7)
The inverse transform of this expression will give the solution Fg(t).
Since all the terms can.be expressed by a general expression for the
ith term, the ith term of the above expression is inverted: the
summation of this for all terms from i=1 to i=n then yields Fp(t).
The ith term in the expansion is:

fi{s) = fbr(,s)[ L }

iterly’
t(s+—_c-)

To get the L-1 or inverse L.T. of this term, use is made of the
convolution theorem (1), which states:
If i(s) = g(s)h(s), and L-1{g(s)] = G(t) and L-1[h(s)] = H(}),

F(t} =f G(u)H(t-u)du

(where F(t) = L-1[i(s)])
Also.‘ from L.T. tables, the following inverse transform is obtained:

L2 J- 1 {Texp(at)

sy G0 (9)
Using egns. 4, 8 and 9,
L Yith term] =—1-—f ui-texp(= )(1- exp(-'-{t'—“)))du

nti(i-1)! J, T Tm (10)

The expression can be evaluated using integral tables (2) to give:
1y -1 =ty gy Tm !
L™ '[ith term] = {1+ exp(tm)( 1) (-:--:m)

R exp(zl) i-g

ti°r'1t|'-v-1

(=Zny™ "1y

T gop (i-me)E TN T (11)
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From eqn. 11, Fn{t) can be evaluated:

Fo(t) = 2"‘, [L"(ith term)]
i=1

exp(- 1)
Fa(t) = 1.0 + (——2 “m )2(1)' ‘(“'“ y
i=1
xp(- L) = <
Wusael) R i 2™ )

i1 T oo (i-r-1) 0 T (12)
Equation 12 can now be used 10 generate expressions for any desired
value of the carbon number, n.
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