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ABSTRACT

Buoyancy-induced convection during the solidification of alloys can
contribute significantly to the redistribution of alloy constituents, thereby creating
large composition gradients in the final ingot. Termed macrosegregation, the
condition diminishes the quality of the casting and, in the extreme, may require that
the casting be remelted. The deleterious effects of buoyancy-driven flows may be
suppressed through application of an external magnetic field, and in this study the
effects of both steady and time-harmonic fields have been considered. For a steady
magnetic field, extremely large field strengths would be required to effectively
dampen convection patterns that contribute to macrosegregation. However, by
reducing spatial variations in temperature and composition, turbulent mixing
induced by a time-harmonic field reduces the number and severity of segregates in
the final casting.

INTRODUCTION

During solidification of an off-eutectic metal alloy, zones of pure solid and liquid are
separated by a two-phase (solid/liquid), or mushy, region, consisting of fluid saturated dendritic
structures. When solidification is induced by chilling a static mold from the side and/or from
below, dendritic crystals which initially form at the cold surface may reject a lighter constituent
which is redistributed by the combined influence of solutal and thermal buoyancy forces in the
mushy and molten zones. Composition changes within the mushy zone may also induce regions
of localized remelting in which channels develop and provide preferential paths for the flow of
interdendritic fluid. The channels ultimately become sites of large composition gradients (termed
segregates), and the large-scale redistribution of constituents in a fully solidified ingot is termed
macrosegregation. One objective of research on alloy solidification is to reduce




macrosegregation by altering patterns of natural convection inherent in the solidification process.
Options include solidification in a y-gravity environment or active control of the process by
thermal, mechanical or electromagnetic means. In the following sections consideration is given to
the effects of both steady and time-harmonic magnetic fields on flow and macrosegregation
occurring during solidification.

Regardless of the manner in which a magnetic field is applied, the induced Lorentz force is
determined by a cross product of the current density and the field strength, F. = J x B. Fora
moving medium, the current density follows from Ohm’s law, J = 6, (E + V x B), where o is the

electrical conductivity of the medium, E is an externally applied electric field, and V x B is the
electric field induced by fluid motion through the magnetic field. Magnetic damping occurs when
an electrically conducting fluid flows transversely through a steady magnetic induction field, and
with E = 0, the Lorentz force reduces to F, = 6.(V x B) x B. In contrast to the passive
(dissipative) influence exerted by a steady (d.c.) magnetic field on a convecting liquid metal, a
time-harmonic (a.c.) magnetic field has an active influence which involves stirring of the molten
alloy. The electric field induced by a time-varying magnetic field drives eddy currents, which
interact with the magnetic field to induce the Lorentz forces. In this study an external inductor is
configured to provide a traveling magnetic field in a vertical, annular mold. The field is
characterized by its angular frequency , axial phase variation (wave number) k,, and phase

velocity V, = a/k,.

MATHEMATICAL MODEL

A continuum model for transport phenomena in binary, solid-liquid phase change systems
(Prescott et al., 1994) has been extended to account for the effects of magnetic damping or
electromagnetic stirring (EMS). Assuming two-dimensional (r,z) conditions in a vertical, annular
mold, the model transport equations for conservation of total mass, axial and radial momentum,
energy and species may be expressed as
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where B,, is the net (thermal/solutal) buoyancy force per unit mass of liquid and F,_ is the Lorentz
force.

For the magnetic damping conditions of this study, the Lorentz force is oriented
exclusively in the radial direction (F_, = 0) and the corresponding force component is
F, _=-0_B2v. Moreover, since turbulence generation is negligible, u, = 0. In contrast, for
EMS, Lorentz forces are manifested principally in the vertical direction and turbulent mixing is a
likely consequence of the stirring action. The radial dependence of K , has been determined
(Prescott and Incropera, 1994), and a low Reynolds number k-€ model (Launder and Spalding,
1974) has been used to evaluate the turbulent viscosity p, (Prescott and Incropera, 1995).
Turbulence has the effect of increasing the effective viscosity, | =, +},, and a dimensionless
viscosity may be defined as p* = (i, + 1, J,. Effective Prandtl and Schmidt numbers may also be

defined as Prg =V q/0l g = Prjt’{1+Pr{p’ ~1)Pr, | and Sc 4 = v o/D gy =
Scp"f1+Sc(u’ ~1)Sc, |. For the Pb-Sn system, Pr = 0.02 and Sc = 172 (Le = Sc/Pr = 8600).

Hence, for representative values of 1° = 100, Pr, = 1.2, and Sc, = 1.0, Pr,; =0.75and Sc =1,
yielding an effective Lewis number of 1.33. Although the respective molecular diffusion rates of
momentum, energy, and species are highly disparate, turbulence has the effect of approximately
equalizing these diffusion rates. Furthermore, by increasing the effective diffusion coefficients for
all field variables, turbulence reduces the influence of advection, rendering all transport rates less
sensitive to velocity vectors and more sensitive to gradients in the respective field variables.
Calculations were performed for an experimental mold cavity of height H = 150
mm and inner and outer radii of r, = 15.9 and r, = 63.5 mm, respectively. The mold contains a
molten charge of Pb-19 wt pct Sn, which is initially at 305°C, and solidification is initiated by
subjecting the side wall to cooling characterized by a chill temperature of T, = 13°C and an
overall coefficient of U =35 W/m” K. For magnetic damping, field strengths of B, = 0.1 and 0.5
T are considered. For EMS a downward magnetic field characterized by @ = 377 rad/s, k, = -29

rad/m and B_(r,) = 2.9 mT (rms) is considered.

RESULTS

Magnetic Damping. Three simulations, corresponding to values of B, =0,0.1 and 0.5 T,
were performed to assess the effects of magnetic damping. For the base case, B, =0 (Fig. 1), a
strong, counterclockwise thermal convection cell is established shortly after the sidewall is chilled,
and within t = 120 s, crystals begin to precipitate at the bottom of the mold wall, thereby forming
a two-phase (mushy) zone. As cooling continues, the mushy zone grows, with the liquidus
interface moving vertically upward and radially inward. Att= 140 s, a thin mushy zone of
nonuniform thickness is attached to the bottom one-third of the cooled mold wall. The
precipitation of solid is accompanied by solute (Sn) enrichment of interdendritic liquid, Fig. 1i (d),
which induces solutal buoyancy forces acting upward on the interdendritic liquid and opposing
thermal buoyancy forces caused by the radial temperature gradient, Fig. 1i (c). Because the
density of Sn is significantly less than that of Pb, solutal forces dominate within the mushy zone.
Interdendritic fluid which escapes from the mushy zone at z~ = 0.27, Figs. 1i (a) and (b), is turned

60




0} Ymin=—0.01343 Trin=280.5°C Fhin=0.1900 (i) Viine—0.01785 T o78.0°C . 0.1300
—»  183mmss Vma= 0.05406  Trmax=290.9°C Foax=0.1980 .  21.0mms - T 286.3°C tﬁ%a': —0.2082

A

¥ e Ay
&
<

/
/77
(a) r~ (b) (©) ) @ (b)

{d)

Fig. 1 Convection conditions after (i) t = 140 s and (ii) t = 175 s of cooling with no magnetic
field: (a) velocity vectors, (b) streamlines, (c) isotherms, and (d) liquid isocomps.

downward along the liquidus interface by the momentum of the thermal convection cell, thereby
confining the liquid composition gradient primarily within the mushy zone, Fig. 1i (d).

With time, the liquidus interface moves radially inward and vertically upward along the
cooled mold wall. As this process occurs, fluid is exchanged between the mushy and melt zones
in a relatively confined region near the top of the mushy zone, where a strong, solutally driven
(Sn-tich) flow emerges from the mushy zone and interacts with thermally driven flow in the bulk
melt, Fig. 1ii (b). Since the Pb-Sn system is characterized by a large Lewis number (Le ~ 8600),
fluid within the solutal convection cell readily exchanges energy with the bulk liquid but largely
retains its composition. As shown in Fig. 1ii (a), these conditions favor the development of a
channel within the mushy zone. Since fluid ascending along the cooled mold wall is enriched with
Sn, there is a depression in the local liquidus temperature, which is conducive to remelting. In
addition, due to the advection of warm, Sn-rich fluid from the melt into the mushy zone, remelting
is enhanced and a channel is spawned. The channel is aligned vertically along the mold wall and is
delineated by a thick dashed line in Fig. lii (a). In addition to the exchange of liquid between the
mush and melt promoted by the channel, three small recirculation cells are active along the
liquidus interface at z* ~ 0.3, 0.6, and 0.8, Fig. lii (b). Such recirculations are responsible for
establishing preferred flow paths of interdendritic liquid at later times. Fluid of nominal
composition enters the mushy zone at the bottom of these recirculation zones and displaces fluid
of higher Sn concentration. Thus, a small Sn depleted region, with an increased solid fraction and
decreased permeability, is created. At the top of a recirculation cell, there exists a Sn enriched
zone with decreased solid fraction and increased permeability. The position of these interfacial
recirculation cells moves as the liquidus interface advances inward and upward, thereby creating a
series of channels, which manifest themselves as A-segregates in the final casting. The
momentum associated with the thermal convection cell gradually decreases, as temperature
gradients in the melt diminish and opposing solutal buoyancy forces increase.

For B, =0.1 T, development of the mushy zone and the solutally driven convection cell,

Fig. 2i (b), is accelerated. Magnetic damping reduces the strength of the thermally driven
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circulation, thereby decreasing heat transfer between the melt and the cooled mold wall.
Furthermore, due to the decreased momentum associated with the thermally driven downflow
along the outer mold wall, Sn rich fluid from the mushy zone penetrates further into the melt, Fig.
2i (d). Since the thermal cell 1s weakened by the magnetic field, it is less effective at opposing the
discharge of Sn rich liquid from the mushy zone, and the propensity for channel development is
increased. A fully melted channel which turns radially inward from the outer mold wall, Fig. 2ii
(a), provides a preferred flow path for interdendritic fluid, Fig. 2ii (b), facilitating its transfer to
the top of the mold cavity, where Sn rich layers of liquid are forming, Fig. 2ii (d).

By increasing the induction field to 0.5 T, radial damping increases twenty-five fold,
significantly reducing thermal convection and thermal stratification during the initial cooling
period. Att= 140 s, Fig. 3i, a mushy zone covers nearly 90% of the vertical extent of the outer
mold wall, the temperature gradient is primarily radial, and the positive buoyancy associated with
the Sn concentration gradient in the interdendritic fluid produces an annular plume of Sn rich
liquid ascending from the mushy zone. Since the magnetic field strongly dampens thermal
convection during the initial cooling period, this solutal upwelling is virtually unopposed and is
responsible for the channel which forms along the mold wall, where the local liquidus temperature
is depressed. The strong magnetic damping causes the thermal and solutal convection cells to be
sharply divided by a hypothetical cylindrical surface whose radius corresponds closely with the
liquidus interface, Fig. 3i (b). With time, the mushy zone and the vertical interface between
thermal and solutal convection cells move radially inward. Since vertical motion is undamped,
solutal buoyancy forces continue to accelerate interdendritic fluid to relatively large velocities
within the channel adjacent to the outer mold wall, while magnetic damping has the effect of
minimizing radial motion. At t=210 s, the counterclockwise thermal cell is virtually nonexistent,
Fig. 3ii (b), and with the dominance of solutal buoyancy, solutal stratification eventually occurs.

Macrosegregation patterns at a time for which fluid flow is negligible and
macrosegregation is essentially complete are shown in Fig. 4. The A-segregates of Fig. 4 (a)
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Fig. 2 Convection conditions after (i) t = 140 s and (ii) t = 210 s of cooling with B, = 0.1 T: (a)
velocity vectors, (b) streamlines, (c) isotherms, and (d) liquid isocomps.
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Fig. 3 Convection conditions after (i) t = 140 s and (ii) t = 210 s of cooling with B, = 0.5 T: (a)
velocity vectors, (b) streamlines, (c) isotherms, and (d) liquid isocomps.
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Fig. 4 Macrosegregation pattersn after 600 seconds of cooling: (a) without magnetic damping,
(b) with B, =0.1 T, and (c) B, =0.5T.

correspond to a series of Sn-rich pockets extending upward and radially inward from a Sn-
depleted region. In addition to the pattern of A-segregates, there is a large cone segregate of Sn-
rich material, which extends downward from the top of the ingot and results from solutally
induced flow during intermediate stages of solidification. Application of the magnetic field has
virtually no influence on development of the cone of positive segregation, but does affect the
patter of A-segregates. For B =0.1 T, Fig. 4 (b), the channel that existed at earlier times yielded
a highly segregated zone among the array of A-segregates, which consists of adjacent extremes in
positive (Sn-rich) and negative (Sn-depleted) segregation. Although the number and severity of
the A-segregates are reduced for B, = 0.5 T, Fig. 4 (c), overall segregation remains pronounced.
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Magneric Stirring. With application of a downward traveling magnetic field (k, < 0), the

Lorentz force acts in the downward direction and decreases with decreasing radius. Hence, the
corresponding recirculation is one for which fluid ascends near the inner radius of the cavity and
descends near the outer radius, thereby augmenting and opposing thermal and solutal buoyancy
forces, respectively.

Predictions based on the turbulent model yielded a large convection cell and melt
velocities during the early stages of solidification. However, correspondingly large values of the
effective viscosity suppressed development of the velocity field, and att = 160 s, Fig. 5i, the
maximum velocity is 12.1 mmy/s, with p* = 208. Solidification has progressed for approximately
10 s, and a mushy zone of highly nonuniform thickness covers approximately 60% of the mold
wall. The main convection cell, Fig. 5i (b), is driven by Lorentz forces, while a solutally driven
convection cell is developing near the bottom within the confines of the mushy zone. Although
i” =1 along the mold walls, Fig. 5i (e), large levels of turbulence exist throughout the melt. Due
to the combined effects of local turbulence generation and distance from the walls, at which the
turbulence kinetic energy, k., is zero, the maximum effective viscosity J_, occurs at ' = 0.5 and

z' = 0.7, Fig. 5i (¢). Turbulence is damped in the mushy zone, but significant turbulent mixing
still occurs near the liquidus interface within the mushy zone and is responsible for reducing
gradients in the liquid Sn concentration, Fig. 5i (d,e).

With rapid growth of the mushy zone and a concomitant reduction in fluid velocities, the
mushy zone occupies almost the entire mold cavity at t = 180 s, Fig. 5ii. Although the turbulence
intensity has also decreased significantly, Fig. 5ii (), it still enhances mixing in the interior of the
cavity, thereby maintaining nearly uniform temperatures and concentrations in much of the mushy
zone, Fig. 5ii (c,d). The turbulence intensity is a maximum for r* = 0.5 at the top surface, Fig. 5ii
(e), where damping is small due to small volume fractions of solid. The solutal convection cell is
growing and eventually dominates flow conditions in the cavity. However, because Lorentz
forces oppose solutal buoyancy forces, the clockwise convection cell in Fig. 5ii (b) grows more
slowly than it would without electromagnetic stirring. Att = 195 s, most of the turbulence has
been dissipated by damping, and its influence is confined to relatively small interior regions near
the very top and bottom of the cavity, Fig. 5iii (¢), where solid volume fractions are relatively
small. However, under the influence of prior, turbulence-induced mixing, uniform temperatures
and liquid compositions persist in much of the mushy region, Fig. 5iii (c,d).

The solutal convection cell continues to grow, while the electromagnetically driven cell
and turbulence gradually decay. By t =210 s, solutal buoyancy dominates convection, forming
layers of Sn-rich liquid and causing dendrites to remelt at the top. Convection conditions
representative of intermediate stages of solidification are shown in Fig. Siv, which corresponds to
t =240 s. Turbulence is virtually fully decayed, Fig. 5iv (e), and interdendritic liquid is
recirculated through the cavity in one large convection cell, Fig. 5iv (a,b). The small,
counterclockwise recirculation cell at the bottom of the cavity vanishes completely shortly after t
= 240 s, due to the increasing radial gradient in liquid Sn concentration. The convection pattern
supplies cool Sn-rich liquid to the top interior region of the cavity, Fig. 5iv (c,d), thereby
establishing vertical gradients of temperature and liquid Sn concentration. In the outer periphery
of the mold cavity, gradients in temperature and liquid concentration are primarily radial and
nearly uniform in the vertical direction.
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Fig. 5 Effect of EMS on conditions at (i) t = 160 s, (i1) t = 180 s, (iii) t = 195s and (iv) t =240 s:
(a) velocity vectors, (b) streamlines, (¢) isotherms, (d) liquid isocomps, and (e) effective
visocity (turbulence).

The subsequent development of macrosegregation patterns is shown in Fig. 6. Att =240
s, Fig. 6 (a), macrosegregation is slight, with more than 95% of the partially solidified ingot
remaining within 0.66% of the nominal composition. However, the solutal convection pattern of
Fig. 5iv (b) is ultimately responsible for the formation of a cone of positive segregation at the top
of the ingot, Fig. 6 (e), and although the overall rms macrosegregation is less than that predicted
without electromagnetic stirring, the cone segregate of Fig. 6 (¢) is only slightly smaller than that
predicted without a magnetic field, Fig. 4 (a).

Turbulence has the effect of diminishing perturbations in the temperature and liquid
concentration fields, thereby inhibiting the formation of channels in the mushy zone. With
increased turbulent mixing, effective diffusion coefficients for momentum, energy, and species
transfer are essentially equalized, decreasing the relative effect of advection and causing gradients
in temperature and liquid Sn concentration to remain primarily radial and nearly uniform in the
vertical direction. During early stages of solidification, counter-rotating convection cells driven
by solutal buoyancy and Lorentz forces occupied the outer and inner portions of the cavity,
respectively, with minimal mutual interactions and hence reduced the propensity for forming
severely segregated regions associated with channels.
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SUMMARY

Options for suppressing the effects of natural convection on macrosegregation during the
casting of molten alloys include active control of the solidification process by thermal, mechanical
and/or electromagnetic means. However, results of this study indicate that, without unreasonably
large field strengths, use of a steady magnetic field to dampen convection is not a viable option.
In contrast, through a stirring action, use of a time-varying magnetic field of moderate strength
has been shown to reduce the severity of macrosegregation.
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ABSTRACT

Pool boiling and flow boiling were examined for near-saturated bulk conditions
in order to determine the critical heat flux (CHF) trigger mechanism for each.
Photographic studies of the wall region revealed features common to both
situations. At fluxes below CHF, the vapor coalesces into a wavy layer which
permits wetting only in wetting fronts, the portions of the liquid-vapor interface
which contact the wall as a result of the interfacial waviness. Close examination of
the interfacial features revealed the waves are generated from the lower edge of the
heater in pool boiling and the heater's upstream region in flow boiling.
Wavelengths follow predictions based upon the Kelvin-Helmholtz instability
criterion. Critical heat flux in both cases occurs when the pressure force exerted
upon the interface due to interfacial curvature, which tends to preserve interfacial
contact with the wall prior to CHF, is overcome by the momentum of vapor at the
site of the first wetting front, causing the interface to lift away from the wall. It is
shown this interfacial lift-off criterion facilitates accurate theoretical modeling of
CHF in pool boiling and in flow boiling in both straight and curved channels.
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1. INTRODUCTION

Predicting CHF has been the focus of a considerable body of research spanning over three
decades. For pool boiling, the well known CHF model of Zuber et al. [1] has maintained its
popularity because. of its theoretical appeal and use of well-established hydrodynamic instability
hypotheses in determining limits on liquid access. to a horizontal surface. Many attempts have
been made to alter this model in order to account for effects the original model did not address.
These include: finite heater size, heater geometry, and surface orientation. The latter of these
effects, particularly the case of a vertical surface, is of special interest to the present study.

While the model by Zuber et al. [1] predicts zero CHF for vertical surfaces, experimental
evidence proves CHF for this orientation and all orientations between horizontal and vertical are
only slightly smaller than for a horizontal surface. Not only does this negate the suitability of this
model for vertical surfaces, but it also raises questions concerning the CHF trigger mechanism on
which the model is founded, even for horizontal surfaces. It is one of the key objectives of the
present study to develop a new model for pool beiling CHF from vertical surfaces.

With regard to flow boiling, six main types of models have been proposed which encompass
virtually all of the CHF research. These are boundary layer separation [2, 3, 4], mechanical
energy criterion [5, 6], bubble crowding [7, 8, 9], sublayer dryout [10, 11, 12], and interfacial
lift-off [13, 14, 15, 16]. The latter is the model discussed in the present paper.

Numerous, fairly reliable empirical CHF correlations also exist in the literature. However, in
recent years, many researchers have refocused their efforts on determining the key physical
mechanisms responsible for initiating CHF in pursuit of a universal CHF model.

The present study will first explore the trigger mechanism for CHF from a short vertical
surface in near-saturated flow boiling using an apparatus which lends itself to high resolution
photographic study of interfacial features. A model is proposed the validity of which will be
tested for both straight and curved flow boiling. The curved flow configuration facilitates an
assessment of the accuracy of the model in predicting the enhancement effects measured by many
researchers due to curvature [17, 18, 19, 20]. This study will then treat pool boiling on a vertical
surface simply as a limiting condition of flow boiling corresponding to zero liquid velocity. It will
then be shown the proposed model reduces to a simple expression for pool beiling CHF.

2. EXPERIMENTAL METHODS

Straight and Curved Flow Boiling Visualization Facility

A CHF flow visualization apparatus was designed to maximize photographic access to
interfacial features in close proximity to the heater surface in both straight and curved flows. The
apparatus consisted of a curved flow channel having a 4.19-cm outer radius of curvature, which
was located downstream from a straight channel. A 1.27-cm long heater was inserted in each of
the straight and curved regions of the channel. As shown in Fig. 1, the flow channel was formed
by milling a 0.16 cm X 0.64 cm slot into a transparent polycarbonate plastic (Lexan) plate. A
second Lexan plate was clamped onto the first plate trapping an o-ring seal. The centerline of the
curved heater was positioned at a 135-degree angle relative to the inlet flow. Both the straight and
curved heaters were constructed from copper and heated by a thick-film electrical resistor silver
soldered to the outer protruding surface. The heaters were inserted into insulating flanges made
from G-10 fiberglass plastic. An o-ring was pressed between the base of each heater assembly
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and the flow channel plate providing a leak proof seal. FC-87, a 3M dielectric fluid, was tested at
a pressure of 1.37 bars (T,; = 39 °C) with 8 °C inlet subcooling. Tilting the entire flow channel
module allowed all tests to be conducted in an upflow configuration with respect to the tested
heater. Only one heater was operated at a time.

Pool Boiling Facility

Figure 2 shows a schematic of the pool boiling test chamber which was constructed of G-10
fiberglass plastic and fitted on the front and back with Lexan windows. The chamber was
equipped with two condensers and three cartridge heaters. The condenser coiled inside the
chamber effectively recovered all of the vaporized liquid. An external reflux condenser connected
to the chamber's vent acted as a final barrier to any escaping vapor during both deaeration and
testing. To prevent the boiling on the cartridge heaters from influencing CHF on the primary test
heater, the cartridge heaters were placed at the back of the test chamber, isolated from the test
heater by a baffle plate. Water and FC-72, another 3M dielectric fluid, were tested at atmospheric
pressure. The FC-72 test heater consisted of a 12.7 x 12.7 mm? copper block which was heated
by a thick-film electrical resistor silver soldered to its back. A similar configuration was used for
pool boiling of water but with a heater measuring 12.0 x 62.0 mm?. Each heater was mounted on
an angular rotation platform to facilitate testing at different surface orientations.
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Figure 1. Flow Boiling Apparatus
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3. PHOTOGRAPHIC STUDY OF VAPOR LAYER INTERFACIAL FEATURES

The flow and pool boiling facilities showed similar vapor production behavior at conditions
leading to CHF. At a heat flux of about 85% of CHF, large coalescent bubbles were observed
sliding over the heater surface. The length of these coalescent bubbles increased with increasing
heat flux until, eventually, a fairly continuous wavy vapor layer was formed over the heater
surface at heat fluxes below CHF. Boiling was sustained by liquid entrainment near the lower
edge of the heater in pool boiling and the heater's upstream edge in flow boiling, as well as in
wetting fronts, where the liquid-vapor interface made contact with the heater surface.
Experimental evidence supporting this wetting front description is also available from studies by
Fiori and Bergles [21], Hino and Ueda [22, 23], and Galloway and Mudawar [20]; all of whom
measured fluctuations in heater surface temperature synchronous with the passage of vapor slugs.

Figure 3 shows the vapor layer formation on the curved heater in flow boiling corresponding
to heat fluxes equal to 99% of CHF. Using a magnification better than 50X, no vapor jets could
be seen emanating from the heater surface. Rather, a violent surge of small bubbles in the wetting
fronts was observed to be feeding the vapor layer. The wavelength for both the straight and
curved heaters decreased with increasing velocity. However, the curved heater exhibited
significant differences in the shape of the wavy vapor layer as compared to the straight heater. For
equal inlet velocities, the interfacial wavelength was greater for the straight heater than for the
curved heater and, occasionally, at inlet velocities greater than 1.25 m/s, the curved heater
projected vapor away from its surface in the form of vapor slugs which protruded from the wave
peaks. No such behavior was observed with the straight heater.

Vapor layer mean thickness and wavelength were measured from high-speed video images
captured by a 6000 partial frames per second Kodak EktaPro 1000 motion analyzer, which were
later analyzed on a 55-cm wide screen; only still photography was used in the pool boiling tests.
Thirty measurements were made for each inlet velocity to quantify the randomness of the
interfacial features. Figure 4 shows the wavelength for the straight heater was greater than for the
curved heater and the wavelengths for both heaters decreased with increasing inlet velocity.
Figure 4 also compares the ratio of wavelength to mean thickness of the vapor layer for both
heaters.
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Window
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Test heater

Figure 2. Pool Boiling Test Chamber
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4. CHF MODEL

Model Assumptions

The proposed CHF model is built upon physical observations from extensive high speed video
imaging studies as discussed in the previous section and illustrated in Fig. 5: (1) at heat fluxes
approaching CHF, vapor coalesces to form a fairly continuous wavy vapor layer; (2) liquid is
entrained at wetting fronts where the liquid-vapor interface contacts the heater surface; (3)
vigorous boiling persists near the leading edge of the heater and in the wetting fronts while regions
between neighboring wetting fronts dry out; (4) CHF commences when the liquid-vapor interface
separates from the heater surface at the location of the most upstream wetting front; and (5)
remaining wetting fronts are separated, in succession, after separation of the upstream wetting
front.

As shown in Fig. 5, the first wetting front is established at a distance z* from the leading edge
and then propagates along the heater surface at a speed c,. The vapor layer interfacial wavelength,
2A., was determined from hydrodynamic instability theory (discussed below) and observations
made using the high-speed video imaging. When the liquid-vapor interface is unstable, a
disturbance having a wavelength equal to A, is assumed to touch the heater surface at z = z* (z* is

U,,=0.50 m/s

Figure 3. Wavy Vapor Layer Development on Curved Heater in Flow Boiling Just Prior to CHF
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slightly greater than A, the difference being a negligible distance zg over which the vapor velocity
just exceeds the liquid velocity as discussed by Galloway and Mudawar [14]), enabling liquid to
contact the heater over a localized region. A short time later, at ¢ = A./c,, another disturbance
approaching the heater surface will be forced away by the momentum of vapor emanating from
residual liquid at z = z+ left after the passage of the previous wetting front. Not until a later time
t =22Jc,, after the residual liquid has been consumed at the location of the first wetting front, will
a new wetting front be established on the heater surface. Wetting is, therefore, skipped every
other cycle and wetting fronts are separated by 24, wavelengths.

Surface Energy Balance at CHF

A Lagrangian frame of reference is used to model heat transfer to the moving wetting fronts
illustrated in Fig. 5. Equation (1) sums the transient energy removed from the heater by the
passage of all wetting fronts in contact with the heater between the time a wetting front first forms
on the heater surface and the time the next wetting front is established at the same location.

Equation (1) also accounts for the steady heat removal from the continuous wetting zone,
O<z<2z"

c/2/1

Gm=—""-5> J‘ f g, dz dt + - +f f qs npdz dt|, (D

where 45195725 - - » 95, are the local heat fluxes corresponding to wetting fronts 1, 2, . ., n,
respectively. Where a wetting front is present, g, is equal to some localized heat flux value, g;,
otherwise g, is essentially zero where the heater surface is dry.
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Figure 4. Vapor Layer Wavelength and Ratio of Wavelength to Mean Thickness Just Prior to CHF
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The photographic study and data base revealed the span (length) of each wetting front was
one-fourth the separation distance between wetting fronts; i.e., CHF is about one-fourth the heat
flux concentrated in the wetting fronts. A surface energy balance detailed by Galloway and
Mudawar [14] reduces equation (1) to the following expression for CHF:

k| @

where the coefficient in the brackets is close to unity for most operating conditions and accounts
for continuous wetting in the region 0 < z < z* and any partial wetting fronts in the downstream
region, and g; is the heat flux required to cause lifting of the most upstream wetting front.

CHEF Trigger Mechanism: Lift-off Criterion
The lift-off heat flux will develop when the normal momentum of vapor generated in the

wetting front just exceeds the pressure force exerted upon the interface as a result of interfacial
curvature.
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Figure 5. Wetting Front Propagation along a Vertical Surface
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where the average pressure difference across the mterface, is calculated by integrating the
pressure difference over the span of the most upstream wettmg fg ont
Combining equations (2) and (3) yields an expression for CHF which is applicable to both

straight and curved heaters.
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Equation (4) shows predicting CHF requires estimation of Pr-P,. The next section will discuss
an instability model which will be used to predict this key parameter for both straight and curved
heaters.

The lift-off criterion alone can explain why, in flow boiling, CHF is greater for the curved,
concave heater than the straight heater. For an assumed sinusoidal wave with wavelength A and
amplitude 7, curvature at the wave peak is proportional to (7,/A)?/ n,. Although the straight
and curved heaters produced waves with fairly equal amplitudes, Fig. 4 indicates the waves
acquired greater curvature over the curved heater than they did over the straight heater. This
increased curvature resulted in a greater pressure force exerted upon the interface and,
consequently, increases both the lift-off heat flux in the wetting fronts and CHF relative to the
straight heater. As will be shown later, the curved heater produced an average enhancement of
23% compared to the straight heater.

Interfacial Instability of Vapor Layer

The interfacial waviness illustrated in Fig. 5 can be idealized as a hydrodynamic instability of
an interface between a vapor layer of velocity u, ,, and height H, and a liquid layer of velocity
Uz , and height Hy. Using classical instability theories [24, 25], the interfacial pressure difference

resulting from a sinusoidal disturbance of the form 7(z#)=7, &*6=<) perpendicular to the
unperturbed interface can be expressed as [14] ‘

I'}— ——ﬂk[l?f(c ufm) +pg( gm 0)2]—(Pf—l3g)gnﬂ=-0'k277, (5)

where g, is the body force per unit mass perpendicular to the unperturbed interface (g, = 0 for
vertical upflow over a straight heater), and the modified density terms for a straight channel are
expressed as [14]

p} = pycoth (k Hf) , (6a)

Py =Py coth (k Hy). (6b)
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Solving equation (5) yields the following equation for ¢:

R— RV
_Pelem* Pr¥im ok g,,(pf—pg) pgpf(ug,m_“f,m)

o (p; + P}) (P; + P}) & (p; + P}) i (p; + P})z Y

The critical wavelength is defined as the wavelength that produces a neutrally stable wave. This
wavelength can be calculated by setting the argument of ¢ in equation (7) equal to zero.

. -2 . - -2
2 _ pf pg (ug,m_uj;m) pf pg (ug,m_uf,m) N &n (pf_ pg) ®
& 2 a(p} + p;) 2 o(p} + p;) c -

This classical hydrodynamic instability model is not applicable to curved flow. Recently,
Galloway and Mudawar [26] developed a new model for hydrodynamic instability along a curved
interface. Interestingly, the above instability model was proven equally valid for curved flow,
provided the liquid and vapor velocities in equations (5), (7) and (8) are calculated along the
interface, and the modified density terms are replaced by the following:

P =py (92)

(9b)

CHF Model Predictions for Straight and Curved Flow Boiling

A separated flow model given by Galloway and Mudawar [14, 26] was employed to predict
local mean values of vapor layer thickness and velocities of the liquid and vapor layers in terms of
. inlet velocity, subcooling, and heat flux. These local values are required in order to predict the
interfacial wavelength and P—P, .

Figure 6 shows the CHF model predicts the experimental data for the straight and the curved
- heaters with mean absolute errors of 7% and 14%, respectively. The accuracy of the model
predictions is proof of the validity of assumptions used in constructing the surface energy balance
and of the lift-off criterion. The CHF enhancement obtained with the curved heater over the
straight heater is a direct consequence of the increased curvature of the individual interfacial waves
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causing an increase in the net pressure force exerted upon the interface in the wetting fronts.

As for the limitations of the present model, several conditions exist for which the assumptions
used may not be valid. They include (a) near-critical pressure, (b) highly subcooled flow, where
the vapor layer development may be strongly influenced by condensation along the vapor-liquid
interface, (c) high inlet velocities corresponding to g, = U /R, > 10g, , where vapor slugs begin to
detach from peaks in the wavy vapor-liquid interface, and (d) long heaters. A recent study by two
of the authors [15, 16] explored the stream-wise changes in the interfacial features at CHF over
long heaters. The vapor waves between wetting fronts maintained equal wavelengths over an
axial distance close to the length of the heaters used in the present study, but were found to grow
downstream due to merging of adjacent waves. This behavior increased the distance between
wetting fronts resulting in smaller CHF for long heaters as compared to heaters close in size to the
one used in the present study. These findings, while determined from straight heater experiments,
clearly indicate the present model should not be applied in its present form to long straight or
curved heaters.

5. THEORETICAL MODEL FOR POOL BOILING CHF FROM A VERTICAL SURFACE

Growth of Vapor Layer

Figure 7 shows pool boiling data for water for orientations ranging from horizontal
(6 = 0 degrees) to vertical (90 degrees), compared with predictions of the model by Zuber et al.
[1], modified by replacing g, by g. cos6. CHF decreases with increasing angle of orientation
following, to some degree, the predicted trend. However, while the model predicts zero CHF for
the vertical orientation, the data show an increase in CHF between 75 and 90 degrees. Obviously,
the mechanism proposed by Zuber et al. is not suitable for near-vertical orientations.

In pool boiling on a vertical surface, the mean velocity of liquid outside the vapor layer is zero.
Equations for the mean vapor velocity, u, ,, , and vapor layer thickness, d, can be derived by
applying mass, momentum, and energy conservation for a control volume of the vapor layer of
length Az. Combining both mass and energy conservation for this control volume and integrating
with respect to z gives

100 [

Heater
Straight
Curved

1.0
Um (m/s)

Figure 6. Comparison of Model Predictions and Flow Boiling CHF Data for Straight and Curved
Heaters
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A momentum balance on the same control volume yields
45 a2, 8= ) (11)
dz pgug,m - (pf - Pg) 8e 0-
Combining equations (10) and (11) gives a differential equation relating L-tg, m to z. The solution

for this equation is

172
- 2 pf—pg
Uy m=l7|——— 182 - (12)

Substituting for L-tg, m using equation (12) in equation (10) gives the variation of é with z.

-172

5= A %(pf—pg)ge V. (13)

Pg

The critical wavelength corresponding to the onset of instability can be derived from equation
(8) by setting g, and ug ,, equal to zero; further simplification is also possible because, for the
conditions of the pool boiling study, Pe=P,-

o.2o$r....,‘.r.,,..,[
§  oasf B & g 1
2 &
s
& L] 0.10
& Zuber et al.
-] [
-i-; 0_05—_ Water

1.0 atm
ATSUb = 0 °C

ooo Lo iy
0 15 30 45 60 75 0
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Figure 7. Comparison of Pool Boiling CHF Data for Different Orientations with Predictions of
the Modified Model by Zuber et al. [1]
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The mean interfacial pressure force over the wetting front for a sinusoidal wave with
k=2n/ (24, becomes
6.

' (15)

B-P,=2y2x

Substituting the above expression in equation (4), neglecting the coefficient due to the upstream
continuous wetting zone and the downstream partial wetting front, gives

12
(16)

Since the first wetting front is centered at z = lc, the critical wavelength, equauon (14), can be
expressed in terms of g ,, , equation (12), corresponding to z = - Ac. This gives

12

a=|3n|20e) O ) (17
| \PrmPg | Pr8e|

Substituting the expressions for § (based on z = A.), equation (13), and A., equation (17),
in equation (16) yields the following CHF relation

1/4

3

In=3 (18)

hfg pf"'pg P2

8

. 304 '
L[\ ATl By | 0(pf"‘ pg) 8e|
b+ gl 2

The above equation can be further simplified for saturated conditions, and pressures much smaller
than critical to

144
’ O-(pf—pg)ge
Do

Interestingly, equation (19) is identical in form to the model by Zuber et ql. [1], although the
- mechanisms proposed in the individual models are distinctly different. Also, while the model by
Zuber et al. predicts zero CHF for vertical surfaces, the present model, as shown in Fig. 7,
predicts a CHF value for the same orientation only 11% smaller than the data.




6. CONCLUSIONS

Experiments involving pool and flow boiling from vertical surfaces were performed to
ascertain the CHF trigger mechanism for each. The flow boiling experiments included both
straight and curved surfaces. Key conclusions from the study are as follows:

(1) A fairly continuous wavy vapor layer engulfs the heater surface at heat fluxes smaller than
CHEF in both pool and flow boiling. Boiling remains active in wetting fronts, where the interface
of the vapor layer contacts the heater surface. CHF is triggered when the normal momentum of
the vapor produced in the wetting front exceeds the pressure force exerted upon the interface due
to interfacial curvature. ,

(2) A CHF model constructed from these observations predicts flow boiling CHF data for the
straight and curved heaters with mean absolute errors of 7% and 14%, respectively.

(3) In flow boiling, CHF is higher for the curved heater than for the straight heater because of
a greater pressure resistance to interfacial separation in the case of the curved heater.

(4) For pool boiling, the present model reduces to an expression identical in form to the model
by Zuber et al. [1], although the mechanisms proposed in the individual models are distinctly
different. However, while the model by Zuber et al. predicts zero CHF for vertical surfaces and is
therefore unsuitable for vertical surfaces, the present model predicts a CHF value for the same
orientation only 11% smaller than the data.
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NOMENCLATURE
c wave speed
(e specific heat at constant pressure
c, real component of wave speed
&e Earth gravity
8n component of body force per unit mass normal to

liquid-vapor interface

H channel height, Hf+ Hg, Ry -R,

H liquid layer thickness

P/g vapor layer thickness

hg,  latent heat of vaporization

k wave number, 21/A

k. critical wave number, 27/A,

L heater length

n number of wetting fronts

P pressure

P¢— P, mean interfacial pressure difference in wetting front
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q1 heat flux (at CHF) corresponding to wetting front separation (lift-off)

Am critical heat flux (CHF)

Ry radius of unperturbed interface in curved flow

R, inner radius of curved channel

R, outer radius of curved channel and curved heater surface

t time

T = temperature

AT, liquid subcooling

u,  mean velocity across liquid or vapor layer

U,,  mean liquid velocity upstream of heater in flow boiling

z spatial coordinate in the stream-wise direction

z* distance from leading edge of heater to center of first wetting front, zo + A.(z*)
2 position from leading edge where the liquid and vapor velocities become equal

Greek Symbols

mean vapor layer thickness (= H,)

interfacial displacement

amplitude of interfacial displacement

surface angle of orientation

wavelength of interfacial perturbation

critical wavelength corresponding to onset of instability
density

modified density defined in equations (6a) and (6b)
modified density defined in equations (9a) and (9b)
surface tension

wetting period

NQADOVDO P OII X

Subscripts

f saturated liquid
g saturated vapor
m mean

sub  subcooling
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ABSTRACT

High-power, short-pulse lasers in the picosecond and subpicosecond range
are utilized in an increasing number of technologies, including materials processing
and diagnostics, micro-electronics and devices, and medicine. In these
applications, the short-pulse radiation interacts with a wide range of media
encompassing disordered materials and liquids. Examples of disordered materials
include porous media, polymers, organic tissues, and amorphous forms of silicon,
silicon nitride, and silicon dioxide. In order to accurately model, efficiently control,
and optimize short-pulse, laser-material interactions, a thorough understanding of
the energy transport mechanisms is necessary. Thus, fractals and percolation
theory are used to analyze the anomalous diffusion regime in random media. In
liquids, the thermal aspects of saturable and multiphoton absorption are examined.
Finally, a novel application of short-pulse laser radiation to reduce surface adhesion
forces in microstructures through short-pulse laser-induced water desorption is
presented.

INTRODUCTION

Since their invention thirty years ago, lasers have altered the direction and rate of the
development of science and technology. Laser applications have fundamentally influenced modern
technology in the areas of measurement, materials, manufacturing, information, and
communication [1]. Short-pulse lasers are being applied to materials processing and diagnostics,
electronic device fabrication and maintenance, and medical procedures. In these varied
applications, short-pulse laser radiation interacts with a multitude of different materials, including,
but not limited to, metals, semiconductors, polymers, porous media, liquids, and biological tissue.

Examples of short-pulse laser applications in materials processing and diagnostics include
annealing of radiation damage in ion-implanted semiconductors, recrystallization of amorphous
(noncrystalline) and polycrystalliné silicon, rapid thermal cleaning, deposition of thin films,
creation of metastable alloys, and thin-film and atomic-level diagnostics [2]. The increased
temporal resolution of optical observations in diagnostics allows detailed "stop action"
observations of previously inaccessible phenomena. In addition, the ultrashort laser-material
interaction time permits highly localized observation and processing due to the short-range of
diffusion during the interaction time.
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In these applications, laser interactions with random media such as amorphous materials,
porous media, and composites are often required. Amorphous forms of materials such as silicon
dioxide, silicon nitride, and silicon are widely used in microelectronics and micro-sensor/actuator
fabrication. Many nanostructured and metastable materials formed by laser processing are also
amorphous [3]. Also, porous silicon, porous metal "black" coatings, polymers, and composites
are becoming increasingly important. Nanosecond and picosecond laser pulses have also been
used to ablate atherosclerotic tissue [4], a biological tissue which is random in nature.

Additionally, the interaction of high-power, pulsed laser radiation with liquids is
fundamental to applications in many contemporary technologies, including ophthalmic
microsurgery and gall-stone fragmentation [5], laser-induced desorption of thin films [6], laser
particle removal [7], photothermal spectroscopy, and laser pulse generation and modification [8,9].
The liquid phase is also present in both laser melting and vaporization processes. Moisture
induced device failure is a significant and persistent problem in the microelectronics industry
[10,11], with incomplete moisture removal from electronic devices being a cause of leakage
current, oxidation, and contamination [11]. Microelectromechanical systems are also subject to
liquid related problems during fabrication and operation. Sticking and the accompanying high
static friction between a tiny movable part and an underlying substrate, termed stiction, is a major
problem for microstructures and is mainly due to capillary forces from residual water [12,13].

In laser-assisted processes and laser design, temperature control is a major consideration
necessitating the accurate characterization and modeling of energy transport during laser-material
interactions. As the pulse width of lasers used in many applications has decreased into the
picosecond and subpicosecond range, the applicability of conventional models of energy transport
is questionable [1,14]. Short-pulse laser heating of metals has been recently researched for both
single- and multi-layer metal films [15,16,17], but the interaction between short-pulse laser
radiation and random media or liquids is not fully understood and will be discussed in this paper.
An application of short-pulse laser radiation to reduce the surface adhesion of silicon
microstructures is also presented.

TRANSPORT IN AMORPHOUS AND NANOSTRUCTURED MATERIALS

In short time-scale applications involving random media, a regime of anomalous diffusion
is observed, where the thermal diffusivity is time dependent. In this anomalous regime, transport
is slowed compared to that which occurs during normal diffusion. Fournier and Boccara [18]

observed anomalous diffusion in an assembly of weakly-bonded, copper spheres (~ 100 um in
diameter) heated by a short-pulse (~ 1 ns) laser. By measuring the transient surface temperature,
they were able to distinguish the anomalous diffusion region from those in which normal diffusion
occurred. Gefen et al. [19] predicted that anomalous diffusion will have an important effect on the
AC electrical conductivity of a percolating network in high frequency (short time-scale)
applications. Similarly, Goldman et al. [20] predicted that anomalous diffusion will have a
significant effect on thermal transport in amorphous materials on short time scales such as short-
pulse laser-material interactions.

The range and impact of anomalous diffusion in transient thermal transport in random
media was studied using fractals and percolation theory. A fractal is a shape that is made up of
parts similar to the whole in some way [21]. A percolation network is characterized by its
correlation length, &, a length scale below which the network exhibits fractal behavior and above
which it appears homogeneous. Figure 1 shows the temporal behavior of surface temperature of a
random medium heated by an instantaneous plane source. Three distinct regimes are present. In
the first regime, the heat is absorbed by the basic unit of the percolating network which is
Euclidean, so the temperature follows that predicted for normal diffusion. An example of a basic
unit of a percolating network is a porous silica particle in a silica aerogel [22,23]. Next, the energy
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is transmitted from one site to another in the fractal cluster and diffusion is anomalous. Finally, the
energy carriers have traveled a distance greater than the correlation length in the material, the
material appears homogeneous, and diffusion is once again normal.
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The impact of anomalous diffusion can be determined by considering the characteristic time
and length-scales of heating and other transport mechanisms relative to the time and length-scales
of anomalous diffusion[24]. Anomalous diffusion is expected to occur when the length-scale of
transport is on the order of the correlation length. The characteristic crossover times, t; and t.,

depend on the particle size, a, and correlation length, &, respectively, as well as the diffusivities, o,
and 0. Figure 2 illustrates the dependence of the anomalous diffusion regimes on particle size,
correlation length, and diffusivity of the particle or random medium.

SHORT-PULSE, HIGH-INTENSITY LASER-LIQUID INTERACTIONS

When exposed to laser irradiation, liquid molecules absorb photons and transition to
excited states, which usually have different absorption characteristics than the initial (ground) state.

After a characteristic relaxation time, Tp, ~1072-1071° s, the molecule will relax back to the ground
state. At low intensities, relaxation occurs fast enough to keep the majority of the molecules in the
ground state; the absorption is then linear, obeying an exponential decay with distance into the
liquid (Beer's law). At high laser intensities, however, enough molecules can be promoted to
excited states to alter the bulk transmission and heating effects [25]. This is called saturable
absorption, and occurs in both pure liquids and solutions, including organic dyes, alcohols, and
water. In Figure 3, plots of the temperature rise as a function of distance x into a common
saturable absorber (Eastman dye # 9470) are shown. One-hundred 35 ps laser pulses with
wavelength of 1064 nm and pulse energy of 70 mJ pass through a 1 cm dye cell. The dye

‘concentration is 8.1-107° mol/liter in a 1,2 dichloroethane solvent. The threshold intensity I
represents the onset of saturation, and the intensity is increased by an order of magnitude in each
frame. The dashed lines are classical, low-intensity model results; the solid lines represent the
microscopic model. The deviation from low-intensity models (Beer's law) is seen to be very
significant at high intensities.
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Figure 3. Intensity-dependent temperature during saturable absorption [25]
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At even higher intensities the molecule can absorb enough photons to either ionize, which
removes an electron completely, or dissociate into simpler constituent products. This process,
called multiphoton absorption and photolysis, results in a combination of free electrons, ionized
cations, and dissociation products that can interact strongly with the incident laser pulse, strongly
altering the absorption and heating properties of the liquid [26]. Figure 4 shows the temperature
profiles in 1 cm of water irradiated by a combination of 532 nm and 266 nm laser pulses of 1 ns

duration at intensities of 1-10° and 1-10' W/cm®. For the high-intensity pulse, the temperature
rise varies over one to two orders of magnitude from the front to the back of the liquid. The total
temperature rise due to the 266 nm and 532 nm laser pulses can exceed 40 K, which is three to
four orders of magnitude greater than that predicted by classical models [26]. Also, the
temperature rise is a strong function of intensity, thus precise control of heating in the liquid can be
accomplished by varying the intensity.

100 5
]
T\ 1= 110" W/em? L=1cm
T = 300K
10 -

o 4
< ;
= ]
| m
< =
3
T 14
[)] 4
5
:(6 A
S i
g I1=110° W/em®
(V]
Foo01 - \

E‘ T —— —~___“‘___&—532nm

1 A=266nm

0.01 T — ™ \
0.0 0.2 0.4 0.6 0.8 1.0

Position, x (cm)

Figure 4. Temperature profiles in water during multiphoton absorption [26]
REDUCTION OF STICTION USING SHORT-PULSE LASER RADIATION

Stiction, the high surface adhesion between microelectromechanical surfaces, is often the
result of forces from capillary liquids during the microdevice release process. Residual water
molecules can be present underneath the silicon microstructures stuck on the underlying substrate.
The desorption of trapped liquid molecules should reduce the adhesion force on the structures.
Desorption induced by ultrashort-pulse laser radiation for metals and resulting electronic excitations
was first reported by Prybyla et al. [27]. After irradiating a Pd surface with 200 femtoseconds
(fs), 620 nm laser pulses, they measured the desorption rate of NO molecules from the Pd surface
and showed that the total desorption yield varies superlinearly with the absorbed laser fluence.
Since the desorption yield is proportional to the fluence at pulse durations longer than nanoseconds
[28], a desorption mechanism other than thermal desorption due to lattice vibrations was involved.
The role of the extremely high electron temperature was later confirmed by Prybyla et al. [29], and
a model of desorption yield was proposed by Kao et al. [30].
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Calculations for silicon microstructures (~ 2 um thick) irradiated by short-pulse lasers (< 5
ps) indicate that high electron temperatures would exist at short times at both the front and rear
surfaces (where the front surface is the surface irradiated by the laser) [31]. At the same time, the
lattice temperature does not significantly increase. Therefore, the possibility for short-pulse laser-
induced water desorption and a subsequent reduction in stiction is possible. If the adhesion force
is reduced below the value of the restoring force of the microstructures, structures stuck to
underlying surfaces will be freed as shown in the schematic in Figure 5.

short-pulse laser radiation

polysilicon cantilever

/\

ilicon substrate

Figure 5. Schematic of the Stiction Reduction Experiment

Experiments to determine the feasibility of using short-pulse laser radiation to reduce the
surface adhesion in silicon microstructures were conducted using a 790-nm-wavelength
Ti:Sapphire laser [32]. The pulse duration and repetition rate were 150 fs and 1 kHz, respectively.

The laser fluence had maximum value of 17 mJ/cm2. A stiction test structure consisting of
cantilevers ranging in length from 60 pm to 1 mm at 20 pm increments was fabricated on an
undoped polysilicon substrate. All of the cantilevers have same width (5 um) and thickness (2
um), and the free separation between a cantilever and the substrate is 1.5 pm. After the drying
process, cantilevers longer than 100 um on the test structure were stuck to the substrate. An image
of the test structure after five seconds of irradiation by the laser beam showed the release of two
cantilevers of length 100 um and 120 pm from the substrate due to the ultrashort-pulse laser
irradiation. Thus, the experiments indicated the feasibility of using short-pulse laser radiation to
reduce stiction by the possible mechanism of water desorption induced by electronic excitations.

CONCLUSIONS

Short-pulse laser-material interactions are examined for disordered or random materials.
Using fractals and percolation theory, an analysis of short time-scale energy transport in random
media delineates three regimes of heat transport. The three regimes correspond to transport over
the basic percolation unit (particle), the fractal cluster, and the homogeneous medium. Scaling
shows that the anomalous diffusion regime is bounded by characteristic times depending on the
material properties and structure.

In high-power, laser-liquid interactions, the saturable and multiphoton absorption
mechanisms of energy deposition are investigated. Saturable absorption occurs when a sufficient
number of molecules have been promoted to excited states by incoming laser radiation, thus
affecting bulk transmission and absorption. In multiphoton absorption and photolysis, molecules
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absorb a sufficient number of photons to ionize or dissociate. This results in a combination of free
electrons, ionized cations, and dissociation products which can interact strongly with the incident
laser pulse, altering the absorption and heating properties of the liquid. Temperature profiles
calculated considering the effects of saturable absorption or multiphoton absorption and photolysis
differ considerably from those predicted by classical heating models.

An application of short-pulse laser radiation is the reduction of surface adhesion in
microstructures. Through short-pulse laser-induced desorption of liguid molecules present below
a microstructure stuck to an underlying substrate, the adhesion forces on the structures can be
reduced and device recovery achieved. This process could be used to both increase device yield
during fabrication and extend the operation of microelectromechanical systems.
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STUDIES ON THE FORMULATION OF THERMODYNAMICS AND STOCHASTIC
THEORY FOR SYSTEMS FAR FROM EQUILIBRIUM
John Ross
Department of Chemistry
Stanford University
Stanford, California 94305

ABSTRACT

We have been working for some time on the form-
ulation of thermodynamics and the theory of
fluctuations in systems far from equilibrium and
progress in several aspects of that development are
reported here.

THEORY

The theory is based on the concept of an excess work, ¢,
that is the work necessary for a differential displacement of
a system in an arbitrary state, further away from a
stationary state, minus the work of the same displacement
away from the stationary state (or at a specified reference
state). This excess work, ¢, has the following properties:

1. the excess work, ¢, provides necessary and sufficient
conditions of global stability for systems with one or more
stable stationary states. 2. ¢ is the thermodynamic driving
force towards the stationary states and is a species-specific
affinity. 3. ¢ is a Liapunov function with ¢ in the form of

Boltzman's H theorem. 4. ¢ is a measurable excess work
attainable from the spontaneous relaxation in a differential
displacement along the deterministic trajectory minus the
work of that same displacement from the stationary state. 5.
¢ provides a criterion of relative stability of two stable

stationary states. 6. With proper reference states ¢ yields
the stationary probability distribution of stochastic
equations describing the given processes.

The structure of the theory is analogous to that at
equilibrium and revolves into that theory as the system
approaches an equilibrium point, rather than a stationary
state.

We have established a new fluctuation-dissipation
relation for one-variable nonlinear processes which connects
the macroscopic deterministic net reaction rate, the
probability diffusion coefficient, and the species-specific
affinity. This fluctuation-dissipation relation may also be
viewed as a force-flux relation. The main feature of this
development is the symmetry with respect to the contributions
of the forward and backward chemical processes to
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fluctuations and relaxation. Two new physical
interpretations of the probability diffusion coefficient are
given: one corresponds to a measure of the strength of
fluctuations at a steady state, and the other to a measure of
the instability of a given fluctuation state. The dispersion
of the number g of reaction events in a given time interval

is given by a generalized Einstein relation: {Aq2}=2VD(x)t,
where V is the volume of the system. Further, the diffusion
coefficient D(x) is proportional to the reciprocal value of

the mean age {t(x)} of a fluctuation state characterized by

the concentration X2 D(x)=1/[2V{T(X)}]. These

interpretations are not related to the use of a Fokker-Planck
approximation of the chemical master equation.

For single variable systems the excess work, ¢, is a
state function which, however, is not the case for multi-
variable systems. Hence in the evaluation of the excess work
for multi-variable systems a path of integration through the
concentration space for chemical systems must be chosen. If
the process to be described follows the deterministic
equations of motion then that path is also the most probable
path in a stochastic investigation and the excess work must
then be evaluated along that path. If, however, we
investigate fluctuations away from a stationary state then
the excess work for such fluctuations must be evaluated along
the most probable path of a fluctuation from a stationary
state to a given nonstationary state. We have shown that, in
general, deterministic paths of relaxation to stationary
states are not the same as most probable fluctuational paths
away from stationary states. We have investigated these
issues by means of the eikonal (WKB type) solution of the
master equation for two-variable chemical systems with
multiple stationary states. If we suppose there to be two
stable stationary states then these are separated by a
deterministic separatrix and as well by a different
fluctuational separatrix. Caustics occur in the system and
require careful analysis. We have checked the validity of
the eikonal approximation against a Monte Carol solution of
the master equation and find the results accurate.

We have conducted extensive calculations and experiments
to test our theory in regard to relative stability of two
stable stationary states. Consider a volume such as a tube
filled with the system, subject to given constraints, in one
of the two stable stationary states. Next consider a similar
volume for the same external constraints filled with the
system in the other of the two stable stationary states. On
connection of the two tubes there occurs a motion of the
front between the two different stationary states such that
the more stable stationary state eliminates the less stable
stationary state. At equistability of the two stable
stationary states the front velocity is zero. We have shown
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that the excess work for creating the front between the two
stable stationary states from either of the two stable
stationary states provide the necessary criterion of relative
stability. Thus if the excess work calculated from one of
the stable stationary states to the stable front of the
interface between the two stationary states exceeds that of
the excess work from the other stable stationary state to
that stable front then the interface moves in the direction
of annihilating -the region with the larger excess work.
Experiments in relative stability in the bistable multi-
variable bromate-ferroin reaction confirm this result of the
theory.

We have attempted an application of our theory to a
thermodynamic theory of hydrodynamics. The thermodynamic
potential (state) functions for irreversible processes
approaching equilibrium are known: for example, the Gibbs
free energy change for the processes at constant temperature
and pressure. Changes in this Gibbs free energy yield the
maximum work available from the changes. Then, by analogy,
the goals of thermodynamics for hydrodynamic processes are
the establishment of macroscopic evolution criteria (Liapunov
functions) with physical significance, such as the connection
with excess work; the work (and power) available from a
transient decay to a stationary state; macroscopic necessary
and sufficient criteria of stability; thermodynamic criteria
for bifurcations; a thermodynamic criterion of relative
stability of stable attractors in systems with more than one
attractor, that is, a thermodynamic criterion of state
selection; and finally a connection of the thermodynamic
formulation to fluctuations.

We start with the Navier-Stokes equations and the
Boussinesq approximation and then proceed according to the
studies of Saltzmann, who reduces these equations to a set of
ordinary differential equations by means of a spectrum
expansion. In lowest order one then arrives at the Lorenz
equations and we investigate the steady states of those
equations. We construct the excess work and show that it has
the following properties. 1. The differential of ¢ is
expressed in terms of thermodynamic functions: the energy for
viscous flow and the entropy for thermal conduction when
taken separately. 2. ¢ is an extremum at all stationary
states, a minimum (maximum) at stable (unstable) stationary
states, and thus yields necessary and sufficient criteria for
stability; 3. ¢ describes the bifurcation from homogeneous to

inhomogeneous stationary states; 4. ¢ is a Liapunov function
with physical significance parallel to that of the Gibbs free
energy change (maximum work) on relaxation to an equilibrium
state; 5. ¢ is the thermodynamic “driving force” (potential)
towards stable stationary states; 6. ¢ is a component of the
total dissipation during the relaxation towards a stable
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stationary state; 7. for constraints leading to equilibrium ¢
reduces to the known thermodynamic function, which is the
work of displacing the system from the equilibrium for those
given constraints; and 8. ¢ qualitatively explains the
positive energy release in both the destruction and formation
of a convective structure in a Rayleigh-Bénard experiment.
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LINEAR KINETIC THEORY AND PARTICLE TRANSPORT IN
STOCHASTIC MIXTURES

G. C. Pomraning

School of Engineering and Applied Science
University of California, Los Angeles
Los Angeles, CA 90095-1597

Abstract

We consider the formulation of linear transport and kinetic theory describing en-
ergy and particle flow in a random mixture of two or more immiscible materials .
Following an introduction, we summarize early and fundamental work in this area,
and we conclude with a brief discussion of recent results.

INTRODUCTION

In the last decade these has been considerable interest in the problem of describing linear
particle transport in a stochastic medium consisting of two (or more) randomly mixed
immiscible materials. The goal in this research has been to develop a relatively simple
and accurate description for the ensemble-averaged solution of the stochastic transport
problem. In this brief report, we will attempt to summarize the salient features of this
work and present an overall view of the status of this research, with particular emphasis on
the work of the present author.

The generic linear transport equation we will concerned with is written

10y _ O
s TRV tod= e+, (1)

where

o= | dap(Q). (2)

In writing Eqgs. (1) and (2) we have used the notation of neutron transport theory, but
our considerations are equally applicable in any linear transport setting. The dependent
variable in Eq. (1) is the angular flux ¥(r,Q,t), with r,Q, and ¢ denoting the spatial,
angular (neutron flight direction), and time variables, respectively. The quantity ¢(r,t) is
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the scalar flux, v is the neutron speed, o(r,t) is the macroscopic total cross section, o4(r,t)
is the macroscopic scattering cross section, and S(r,,?) denotes any internal source of
neutrons. We have assumed isotropic and coherent (no energy exchange) scattering in Eq.
(1), but this simplification is not necessary for the essentials of the considerations to follow.
Thus Eq. (1) is a monoenergetic (one group) transport equation, and there is no need to
display the independent energy variable which is simply a parameter.

To treat the case of a binary statistical mixture, the quantities o, 0, and S in Eq. (1)
are considered as discrete random variables, each of which assumes, at any r,Q,t, one of
two sets of values characteristic of the two materials constituting the mixture. We denote
the two materials by an index 7, with ¢ = 0, 1, and in the ¢th material these three quantities
are denoted by o;(r, 1), o4i(r,t) and S;(r,82,t). That is, as a neutron traverses the mixture
along any path, it encounters alternating segments of the two materials, each of which has
known deterministic values of o,0,, and 5. The statistical nature of the problem enters
through the statistics of the material mixing, i.e., through the probabilistic knowledge as
to which material is present in the mixture at space point r and time ¢. Since 0,0, and S
in Eq. (1) are (two state, discrete) random variables, the solution of Egs. (1) and (2) for
¥ and ¢ is stochastic, and we let () and (p) denote the ensemble-averaged angular and
scalar fluxes, respectively. The goal is to develop accurate and , hopefully, simple models
for these ensemble-averages.

To discuss this problem in a qualitative way, it is convenient to consider the simple
case of time-independent transport in a purely absorbing (¢s = 0) medium. Then Eq. (1)
reduces to

dip

_(Z;+a¢=5a (3)

where s denotes the spatial variable in the direction of propagation. If we write any random
variable @) as the sum of its ensemble average (Q)) and the deviation from this average @,
an ensemble averaging of Eq. (3) gives

)

-+ (0)($) + (59) = (5)- (4)

It is clear from Eq. (4) that one needs to calculate (or approximate) the cross correlation
term involving the ensemble average of the product of & and v to obtain a formulation for
the quantity of interest, namely (v). |

On physical grounds, and it can also be shown mathematically by using asymptotics,
it is clear that this term is very small and can be neglected when o;l; < 1, where [; is
a characteristic chord length for the material packets of material ;. However, when this
inequality is not satisfied, the neglect of the cross correlation term in Eq. (4) can lead to
large errors in (¥). In particular, the attenuation of a beam of particles can be grossly
overestimated by using Eq. (4) without the cross correlation term. Simply stated then, the
challenge is to compute the cross correlation term in Eq. (4). To do this, one must specify
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the statistics of the material mixing, and we discuss both Markovian and non-Markovian
mixtures.

FUNDAMENTAL RESULTS

References to the original works for the material discussed in this section can be found
in the recent book by the present author.!

We initially consider the simple transport equation given by Eq. (3), under the assump-
tion of Markovian mixing. These mixing statistics are defined by a no-memory statement.
Given that point s is in material ¢, the probability of point s + ds being in material j # ¢
is given by

Prob(i — j) = %, Jj#1, (5)

where the A;(s) are the prescribed Markovian transition probabilities. The probability p;(s)
of finding material ¢ at position s, and the correlation length A.(s) for the Markov mixture
are uniquely and simply related to the A;(s). With the mixing statistics defined by Eq. (5),
one can obtain an exact description for (1) corresponding to the transport problem given
by Eq. (3). This is given by the two coupled equations

401 [ 11919 0

vx = (69), v = (pop1)"*(00 — 01), (7)
. 1
(o) = pooo + pro71, g = p10g + poo1 + +, (8)

(S) = poSo + p151, T = (pop1)'/*(So — S1). 9)

Two derivations of Eq. (6) can be given. The first is based upon the so-called method
of smoothing. Subtraction of Eq. (4) from Eq. (3) gives
B il =5
— @)Y+ [5h— (59)] = § - 5(p). (10)
Inserting a smallness parameter in front of the bracketted term in Eq. (10) and seeking a
solution as a power series in this smallness parameter gives the Neumann series

§ = S (-G — P)T"G(S - 5(w)), (11)

n=0




where [ is the identity and G and P are Green’s and projection operators defined by

G = [[ds [eap [ dete@)] ), PI=(5) (12)

For Markovian statistics, all of the terms in the sum of Eq. (11) can be evaluated and the
infinite summation performed. The result of the these algebraic manipulations is just Eq.
(6).

The second derivation of Eq. (6) is based upon the observation that the transport
problem given by Eq. (3) describes a Markov process; it is an initial value problem with
the spatial variable s playing the role of time. Thus, together with the assumed Markovian
mixing, we have a joint Markov process and we can write a Liouville master equation for
the joint probability P;(s, ), defined such that P;dy is the probability of finding material
¢ and intensity ¥ lying between 1 and ¥ + di at position s. This master equation is given

by
aP;

0s
The probability p;(s) is just the integral of P;(s, ) over ¢, and the conditional ensemble-
averaged intensity given that position s is in material ¢, 1;(s), is the integral of ¥ P;(s, )
over 1, divided by p;. Multiplying Eq. (13) by % and integrating over 3 gives two coupled
equations for the ;. Making the change of variables

(¥) = Potbo + P11, X = (P0P1)1/2(¢0 — 1) (14)

once again leads to Eq. (6).

9 N Y
- _a—,‘z(’l/)o-'P‘ - S’R) - A] - Ai, J # 2. (13)

No such exact results are available when time-dependence and scattering are present in
the transport problem, i.e., when Eq. (1) is the underlying stochastic transport equation.
In this case, the algebra of the method of smoothing cannot be carried through. Further,
with scattering the transport problem is not a Markov process (it is a boundary value
problem) and hence the master equation approach cannot rigorously be used. Nevertheless,
it has been suggested that the use of the master equation might lead to a useful, albeit
approximate, model. This model is

(aeose)[9]-gn[9) (5] o

where
s=[@ 4], m=[C ¥, (16)
where, in addition to Egs. (7) through (9), we have
(@) = [ daw), n=[ do v.=(pop) (00— 0u), an

4

{05) = PoTso + P10, s = P10s0 + PoTs1. (18)

99




Several other derivations of this model are available. Sahni has shown that the assump-
tion of independent particle flight paths leads to Eq. (15), and he has also shown that
nuclear reactor noise techniques can be used to obtain this model. It has also been demon-
strated that one can derive exact particle balance equations in this stochastic transport
setting; but involving two ensemble averages conditioned upon being in material 2, namely
a volumetric average 1; and a surface (interface between materials) average ;. Making
the approximation that these two ensemble averages are equal again yields the model given
by Eq. (15). Numerical comparisons with exact Monte Carlo results shows the accuracy
of this model to be of the order of ten percent or so, with the error being the largest, as
expected, for problems with multiple scattering interactions.

Although no exact transport-like equation(s) formulation is available in general for (1))
in the presence of time dependence and scattering, a few exact results have been reported
for certain time-independent problems including the scattering interaction in rod (particles
are restricted to move along a line) and planar geometry. Vanderhaegen and Deutsch con-
sidered the sourcefree purely scattering rod problem and used a Riccati transformation to
convert the boundary value transport problem for the intensity to an initial value problem
for the rod transmission. They then applied the master equation approach to this initial
value problem. Their results were confirmed in a paper devoted to numerical and analytical
solution methods for the Liouville master equation applicable to a large class of initial value
problems. An exact formalism in rod and planar geometry has been developed for a re-
stricted class of problems, in which o,/0 and S/o are nonstochastic; the only stochasticity
is the optical depth variable. The results of Vanderhaegen and Deutsch were again con-
firmed, and results for several classical halfspace and infinite medium transport problems
were developed.

If one accepts Eq. (15) as a reasonable model of particle transport in a binary Markovian
mixture, two simplifications involving certain asymptotic limits have been reported. The
first of these corresponds to a small amount, of O(e?), of one material admixed with an
O(1) amount of the second material. Further, the first material has large, of O(1/€?), source
and cross sections compared to O(1) quantities for the second material. In this asymptotic
limit, one finds a renormalized transport equation of the standard form given by

= 2 (o) + Segs + O(), (19)

Oseff = Ocff — Oaeffs (20)

Surs = (5) - L2, (21)

(6 —6.)




Equation (21) for Sss assumes that the sources are isotropic, i.e., S; # S;(§2). The cor-
responding expression for anisotropic sources is more complex. The result given by Egs.
(19) through (21) is robust in that all of these effective cross sections and source are always
nonnegative, even when one is far from the asymptotic limit under consideration. This
derivation of a renormalized transport equation as an asymptotic limit has been general-
ized to a mixture containing an arbitrary number of the material components, and leads to
an entire class of reduced (in complexity) transport descriptions.

The second asymptotic limit of Eq. (15) is one in which the scattering interaction is
dominant, of O(1). Absorption, sources, and all derivatives are assumed small, of O(e?),
except for the spatial derivative which is scaled to be O(e). This scaling eliminates the
angular variable in the transport problem, and is analogous to the Hilbert expansion which
gives the Fuler material equations from the Boltzmann equation. If we restrict ourselves
to isotropic sources as well as an isotropic correlation length, one finds in this asymptotic
limit two coupled diffusion equations given by

(g-vomen)[9]-w[fron e

where X, = ¥ — ¥, and

| —— 1 6 —v

D=32"= 3((o)6 — v?) [—-u (0)] ' (23)
It can easily be shown that the diffusion coefficient matrix D is positive definite under all
choices of the physical parameters, thus assuring robustness in this diffusion approximation.
Since the scaling which lead to Eq. (22) corresponds to a singular perturbation problem,
both boundary and temporal layers exist. Performing the appropriate asymptotic matching
analyses, one obtains boundary and initial conditions for Eq. (22). The boundary condi-
tion is of the mixed (Robbin) type, involving the number 0.710446. .. , the classic linear
extrapolation distance for the Milne problem.

We note the suggestion that non-Markovian statistics of the renewal type can be treated
by modifying the correlation length A. in Eq. (8). Specifically, if @;(z) is the probability
that a segment length in material 7 exceeds length z, then it has been proposed that Eq.
(15) approximately describes this statistical situation, if A, in & [see Eq. (8)] is replaced

with gA., where
1 1 1 1 1 1
=oleon %) Yo \eoy ) - %
! %o (Qo(ao) ~/\0> o1 (Q(al) /\1> ' (24)

Here Q,-(a,-) is the Laplace transform of Q);(z), evaluated at the transform variable o;. For
Markovian statistics, @;(z) is exponential with decay length )\;, and in this case ¢ = 1.

Finally, most of these binary mixture considerations have been generalized to a mixture
with more than two components.
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RECENT RESULTS

We close this report with a very brief discussion of results obtained in the last few
years.2~1® Space limitations allow simply a listing of such results, and references where
more detail can be found. One group of papers®!2-1%18 deals with the generic problem
of attempting to construct a more accurate model than that given by Eq. (15). One
such model* retains the simplicity of two equations in two unknowns as in Eq. (15),
but it incorporates small correlation length physics into these two equations.}> Two other
models®'® involve additional equations, yielding four equations in four unknowns. These

models are obviously more complex, but are more accurate. An independent variational
approach to stochastic transport has also been attempted,'? with limited success. A paper
has been published® which compares the accuracy of several models against Monte Carlo

benchmark results. Such benchmark results are available for both Markovian and non-
Markovian statistics.!®

Another group of papers®®7®1617 deals with diffusive approximations to the two equa-
tion model given by Eq. (15). Two of these papers*!? develop flux-limited diffusion equa-
tions, a third deals with the P, approximation,'® and the remaining three®"# develop various
asymptotic diffusive limits which result from different scalings of the Markovian transition
lengths.

Finally, four papers have been published concerned with applications of this stochastic
transport formalism. Two of these®!! deal with the cloud-radiation interaction problem
within the context of general circulation models of the atmosphere, one addresses a random
heterogeneity problem in fission reactor fuels,? and one is concerned with beam transport
and energy deposition as might be encountered in medical applications.!®

Under continuing DOE support, we expect to report additional results from this line of
research in the near future.
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ABSTRACT

A combined experimental and numerical investigation of miscible two-phase flow in a capillary
tube is reported. The fraction of fluid left behind on the wall is obtained as a function of the

Peclet, Atwood, and Froude numbers. Scaling arguments are presented for two distinct flow
regimes, dominated by diffusion and convection, respectively. In the latter one, an effective
surface tension value can be estimated.

INTRODUCTION

An improved understanding of the dynamics of multiphase porous media flows remains an
essential prerequisite for progress in the fields of enhanced oil recovery, fixed bed regeneration,
hydrology, and filtration. From basic stability theory we know that, if the displacing fluid is less
viscous than the displaced fluid, the unfavorable mobility profile is likely to lead to the well-known
fingering instability, a topic that has been reviewed by Saffman [1] and Homsy [2]. Depending
on whether the fluids are immiscible or miscible, one can distinguish two fundamentally different
problems: In the immiscible case, where surface tension acts at the interface between the two
fluids, the capillary number, which represents the ratio of viscous to surface tension forces, is a
dynamically important parameter. It determines the most unstable wavelength of the fingering
instability, as well as the dynamics of the evolving fingers. For miscible displacements, it is con-
ventionally assumed that the dynamics are governed by the relative importance of convective and
diffusive effects, as expressed by the Peclet number. However, the proper and accurate form of the
governing equations and related boundary conditions in the area of contact between the miscible
fluids is not known. Past investigations relied on ad hoc approaches that cannot be rigorously
justified. Zimmermann and Homsy (3] have taken a first step towards more realistic conditions by
assuming an anisotropic, velocity dependent Taylor dispersion approach. Within the present in-
vestigation, we address this issue by conducting physical as well as numerical experiments within
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capillary tubes, which can be considered a simple model of the miscible displacement process
within a single pore of a porous medium. In particular, we carry out Taylor’s [4] experiment
(cf. also the numerical investigation by Reinelt and Saffman [5]) in capillary tubes using miscible
fluids. We discuss the possibility to define an ”effective” surface tension and capillary number,
on the basis of both computational and experimental results.

GOVERNING EQUATIONS

Our investigation concerns the displacement of a more viscous phase ’2’ by a less viscous one
’1’ in a capillary tube of diameter d. To this end, we consider the incompressible Stokes equations
in axisymmetric form. The concentration field is governed by a convection-diffusion equation, in
which the diffusion coefficient D is taken to be constant. This represents a simplifying assumption,
as the experimental measurements to be discussed below reveal a concentration dependence of the
diffusion coefficient. Density is assumed to vary linearly with the concentration, while the viscosity
is taken to depend exponentially on it. After rendering the governing equations dimensionless by
means of characteristic scales, we identify as the governing dimensionless parameters a Peclet, an
Atwood, and a Froude number

d - d? p; —
pe=Y% = gy_t2amHm p_STpop
D g2+ U p;
Here U represents the of the unperturbed Poiseuille flow far away from the mixing region, while
g denotes the gravitational acceleration, which is assumed to act in or against the direction of the

displacement. p indicates density.

NUMERICAL APPROACH

We solve the incompressible Stokes equations in axisymmetric form, employing streamfunction
and vorticity variables. In this way, the pressure is eliminated, and the continuity equation is
satisfied identically. At the tube wall and the centerline, we employ standard boundary conditions
for the velocity components and the normal derivative of the concentration. At the in- and outflow
boundaries, we set the second derivatives in the streamwise direction to zero. Test calculations
for computational domains of different sizes confirm that these conditions are appropriate. The
convective terms in the concentration equation are represented by four point upwind biased finite
difference stencils, whereas the diffusive terms are discretized by five point central differences.
The elliptic vorticity equation is solved by means of a standard multigrid technique.

COMPUTATIONAL RESULTS

Pe > 0(10%)
The evolution of the flow in this parameter regime is exemplified by the case Pe = 1,600
and At = 0.9866, shown in figure 1 in a moving reference frame. Gravity is absent for this flow.

Q0.5 ] 1 0.5 0.5
i
1 1.5 0

0 05 . 0.5 1 15 0 05 1 15
Fig. 1: Concentration contours at times 0, 1, and 3.

o

The initial condition specifies a one-dimensional error-function profile for the concentration, along
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with axisymmetric Poiseuille flow for the velocity components. The velocity field results in an
immediate strong deformation of the concentration distribution in the interior of the tube, while
at the wall concentration changes are the result of diffusion only. The transient evolution of the
concentration distribution, in turn, causes corresponding changes in the viscosity field, thereby
modifying the velocity field. This effect distinguishes the present situation from the one analyzed
by Taylor [6], in which there is no feedback by the concentration distribution onto the velocity
field. For the present parameters, we observe the development of a well-defined finger of the less
viscous fluid in the center of the tube. The finger tip consists of a steep concentration front, while
its sides are formed by diffusively spreading layers over which the concentration varies. The figure
indicates that the mixed inflow/outflow boundary to the left is handled well by the present set
of numerical boundary conditions, as there are no detectable disturbances propagating from the
boundary towards the finger tip.

By time t = 2, the finger tip shape and the associated concentration field have reached a
quasisteady state. This is confirmed by the propagation velocity Vi;, of the finger tip, which is
defined as the velocity with which the ¢ = 0.5 contour moves along the tube’s axis. The steepness
of the concentration front at the finger tip is determined by the local balance of strain and diffusion.
The strength « of the local strain field is governed by the difference of the streamwise velocities
ahead of and behind the finger tip. By assuming that this velocity difference of approximately
2(Viip — 1) is achieved over a distance comparable to the tube radius, we obtain

~ 4(Viip — 1)
a d

A straightforward one-dimensional balance of strain and diffusion then yields for the front thick-
ness §p at the finger tip

b D
d = 2V, — 1)d

indicating that the front thickness scales with the square root of the inverse of the Peclet number
formed with the velocity difference across the finger tip. For the present case, this results in
do/d = 1/30, which is in good agreement with fig. 1. The one-dimensional analysis furthermore

gives

o fZ, W=D
0%y Vrm D

which for the present parameters yields approximately 17. Considering the rough estimate of the
strain intensity, this value is in reasonable agreement with the computational results of approxi-
mately 28, confirming that the concentration field near the finger tip is indeed determined by a
nearly one-dimensional balance of strain and diffusion.

On the sides of the finger, the concentration layers grow diffusively with increasing distance
from the finger tip. These layers will merge when é/d = 0.5. Straightforward scaling yields

Dt Lf

6~ t~
d” V&2 ’ ~

tip
where Ly represents the length of the finger as a function of time. Consequently, the diffusion

layers will merge when the finger has reached a length L; = Ped/4. Once the finger has grown
to this length, the supply of uncontaminated fluid to the tip region will gradually be cut off, and
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eventually the quasisteady state will begin to decay. The above scaling laws indicate that we
can neither employ a sufficiently large computational domain, nor can we carry the simulation to
sufficiently long times, in order to capture these effects for the present set of parameters.

For practical considerations, a relevant quantity is the fraction of more viscous fluid left
behind on the walls of the tube once the quasi-steady state has developed. Taylor [4] calculates
an effective film thickness of this fluid from the tip velocity of the finger as m =1 — 0.5/V;, In
particular, it will be of interest to record m = m(At) in the limit of infinitely large Pe. Since
grid based numerical simulations will not provide accurate results for this limit, we resort to an
extrapolation procedure for Vi, = f (Pe™!). These calculations demonstrate that the tip velocity
for Pe = 1,600 is within less than one per cent of the extrapolated value for Pe — oo. In view of
the considerable computational cost associated with carrying out several simulations at different
large Pe for each value of At in order to perform the extrapolation, we will in the following present
the simulation results for Pe = 1,600 in lieu of Pe — oo. In this way, we arrive at the (m, At)-
relationship depicted in fig. 2. Notice that for At = 0.5 we obtain m < 0.5 as a result of the

0.82 -

a.60 "-‘v.
s : : , x
j 9.58 f : Fig. 2
S osed: . - % :
0.524- <
.50 ; = f : i
E — e E x computational results
ool = s ; a 3 e experimental results

finite Pe-effects. These lead to a diffusive slowing of the finger tip, and thereby to a reduced film
thickness. The agreement with the experimental results, also shown in fig. 2 and to be discussed
below, is resonable, although not perfect. A possible reason for the observed discrepancy includes
non-axisymmetric flow features in the experiment, due to density differences between the two
phases. We remark that the value m = 0.61 for the film thickness in the limit A¢ = 1, Pe — oo
agrees well with the observations by Cox [7] for immiscible flow in the limit At — 1,Ca — oo,
where Ca denotes the capillary number. Taylor [4] previously found a maximum value of 0.56,
but he suggested that higher values might be reached. This indicates that as diffusion or surface
tension, respectively, become very small, their dynamical significance decays to zero in a smooth
fashion, so that the shape of the finger tip is determined by the viscosity contrast alone.

Pe < 0(10%)

For this range of lower Pe-numbers, the formation of a quasi-steady finger shape is not
observed. Instead, as exemplified by the case of Pe = 100, At = 0.9866 (fig. 3), diffusion soon
causes the concentration front to decay, thereby resulting in a progressively more spread out finger
tip. As discussed above, at higher values of Pe a balance between strain and diffusion is in effect,

] 1 1
0 2 4 6 8 10 12

0.5 T T

o

20 Fig.3
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which maintains a steep concentration front. This quasi-one-dimensional balance can only exist
if the front thickness at the tip, ¢, is significantly smaller than the tube diameter. Consequently,
there will be a critical level of diffusion beyond which the strain can no longer maintain a suf-
ficiently steep front. In other words, below a critical value of Pe, the strain field will not be
strong enough to counter the tendency of diffusion to smear out the finger front. The condition
do/d < const leads to an estimate for this critical value of Pe. With the above relationship for
the ratio of front thickness and tube diameter, and with V;;, = 1.25, we obtain

% =] \/ 2 < const
d Pe

For const = 1/10 and 1/20, this criterion yields Pe..; = 200 and 800, respectively. Since the
finger velocity, and consequently the strength of the strain field, depend on At,"we expect Pe.ri:
to vary with At as well, although only weakly. Our numerical simulations for At = 0.9866 show
the development of a quasi-steady finger with a steep front for Pe > 800, and a diffusing finger
tip for Pe < 400. For lower values of At, we obtain diffusing fingers even for Pe = 800. These
Pe-values are in reasonable agreement with the critical values estimated above.

The computational results of fig. 3 indicate that with increasing time the concentration
field becomes progressively smoother. It is interesting to note that for ¢ # ¢(r), Poiseuille flow
represents an exact solution to the Navier-Stokes equations, independent of the z-dependence of
the concentration. As a result, we expect Taylor’s [6] work on passive dispersion in Poiseuille
flow to provide some guidance for the analysis of the flow development in the low Pe regime. In
particular, under the assumption that axial diffusion is much less significant than radial diffusion,
Taylor shows that convective effects on the concentration field will be small compared to diffusive
effects if §/d >> Pe/58, where 4 is a measure of the thickness of the smeared out front. Conse-
quently, we would expect to see Poiseuille flow under this condition. If we take § as the distance
along the centerline between the 0.1 and 0.9 concentration contours, then fig. 3 indicates that for
Pe =100 and t = 10 we have §/d = 6, while Pe/58 = 1.7. An examination of the fluid velocity
confirms that by this time the velocity field has indeed decayed to near Poiseuille flow. The same
observation can be made for Pe = 200 and ¢ = 22, and for Pe = 400 and ¢ = 38, when §/d = 12.6
and 23 for Pe/58 = 3.4 and 6.9, respectively. These results confirm the above scaling considera-
tions, and we can conclude that Poiseuille flow will be reached approximately when §/d =~ Pe/16.
Taylor furthermore observes that § is related to time and the Taylor dispersion coefficient k as
8 = 3.62vkt. Here k depends on the tube diameter, the centerline velocity U of the Poiseuille
flow, and the diffusion coefficient as k = d2U?/768D With the above estimate for §/d by the time
Poiseuille flow is reached, we can now estimate the time it takes to approach Poiseuille flow as
t = 0.23Pe. Consequently, after this time the cross-section-averaged concentration profile ¢, (z)
should approach the shape of an error function. Equivalently, dc,,/dz should take the form of a
Gaussian. This is confirmed by the numerical results, validating the above scaling arguments.

EXPERIMENTS

Apparatus

Two separate pieces of equipment were used in this study. The first, while not directly
involved in the study of miscible displacements, was nontheless critical to its success. An exten-
sive survey of the literature on the properties of the glycerine-water system, which was used in
this study, failed to find any useful information on the molecular diffusivity D between the two
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species. Since the major control parameter Pe involves this property, it was essential to mea-
sure it independently. This was accomplished by introducing a glycerine-water mixture on top
of a pure glycerine layer in a thin cell. A thin laser beam was projected through the interface
and its deflection related to the local refractive index n gradient. The distribution of Vn was
measured at various times and the resultant growth of the interface thickness used to calculate
the coeflicients of species diffusivity. Due to the differences in mobility between glycerine and
water, the diffusivity of the mixture into glycerine is less than that of glycerine into the mixture.
The results are shown in figure 4. The value used in the calculation of Pe is the sum of the two

D (em?/9)

Fig. 4

individual diffusivities, which is dominated by the latter value except for values of cg (glycerine
concentration by weight) close to 100%.
The main piece of apparatus is shown in Figure 5. It is a minor adaptation of that due to

a/ Constant pressure nitrogen
Mixing glycenn-

RAAT
water supply

Square tube filled with a fluid
{same refractive index than giass)

Precision bore tube

Mixing glycerine-

IR e al :
H g Fig. 5
\ iso-index fluid

Taylor [4]. It consists of two plastic manifolds connected by a precision bore capillary tube. Four
different tube diameters d were used: 1,2,3 and 4mm. For each experiment, the tube was first
filled with pure glycerine from the right-hand reservoir. The desired mixture, dyed to improve its
visibility, was then introduced at the left-hand end, the flow rate being controlled by a very precise
compound needle valve. The motion of the nose of the intruding "finger” was timed between
10cm marks, and the amount of glycerine expelled from the tube during that time measured by
. an electronic balance to 1mg. From these two measurements the effective film thickness m could
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be calculated.

Results
A large number of experiments were performed for all four tubes, for several values of At and

various tube orientations, i.e., horizontal, vertical with the heavier glycerine on the bottom, and
vertical with glycerine on top. The former orientation introduced interesting, non-axisymmetric,
gravitational distortions of the finger that need to be discussed in more detail than possible here.
On the other hand, the vertical cases introduced distortions that were axisymmetric so that these
could be used to determine the state of the finger when gravity was not present, i.e., by plotting
m as a function of F and interpolating to F = 0. Thus we concentrate on some aspects of the
vertical cases that appear to be of widest interest. Notice that for the experimental results the
measured velocity of the finger tip was used for the calculation of the dimensionless governing
parameters. In figure 6 we show curves of m vs. Pe for At = 0.79 and for the two vertical

1.0~

Asom, de3en

Fig. 6

2 -
orientations of a 3mm tube. Both curves asymptote m = 0.54 at large Pe. In fact, the curves for
all values of At and all tube diameters asymptote a value of m that depends only on At (figure
2). At smaller values of Pe the curves diverge with one appearing to approach zero and the other
unity. Repeating these measurements for other values of tube diameter, but the same value of
At, allows us to construct curves of m or alternatively V;;;, vs. F at a fixed value of Pe (figure 7).
Interpolating to F' = 0 gives the value of m for no gravitational effect, with the results for various

o8 . - Fig. 7
<o 1 ~20 » . o »

values of Pe and for At = 0.79 given in figure 6. It appears that in this case m — 0.5 as Pe — 0,

110




as discussed in the previous section.

Two further observations are of interest. Firstly we note that when m is less than 0.5, Taylor
[4] gives two possible streamline patterns for the flow relative to the moving nose. We have found
that in such cases a thin needle of fluid is continuously ejected from the tip of the finger in a way
that makes it clear that of the two flow pictures the one with a single stagnation ring on the finger
surface is the one found in these experiments. Secondly, by matching Taylor’s results of m vs.
Ca = pU/o (where p is the dynamic viscosity of the displaced fluid) for immiscible fluids, with
the present measurements it is possible estimate an effective surface tension ¢ for the miscible
interface for values of Pe greater than approximately 250, i.e., when a thin interface exists. Such
a match is shown in figure 8 and results in an estimate for o of
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ABSTRACT

We carry out simulations of the anisotropic uniformly frustrated 3d XY
model, as a model for vortex line fluctuations in high 7. superconductors. We
compute the phase diagram as a- function of temperature and anisotropy, for a
fixed applied magnetic field B. We find two distinct phase transitions. Upon
heating, there is first a lower 7,; where the vortex line lattice melts and super-
conducting coherence perpendicular to the applied magnetic field vanishes. At
a higher T, within the vortex line liquid, superconducting coherence parallel to
the applied magnetic field vanishes. For finite anisotropy, both 7., and T.. lie
well below the crossover from the vortex line liquid to the normal state.

INTRODUCTION

In the presence of an applied magnetic field, the low temperature state of a clean type
IT superconductor is the Abrikosov vortex line lattice, consisting of a triangular lattice of
perfectly straight lines of vorticity in the phase of the complex superconducting wavefunction
1. The lines are parallel to the magnetic field, with a density given by B/dg; B is the
magnetic field that penetrates the sample (B < H), and ¢¢ = hef2e is the flux quantum.
For a conventional “low temperature” superconductor, this vortex lattice persists up to a
critical temperature T,;(H), where the amplitude of the spatially varying superconducting
wavefunctipn vanishes, superconductivity is lost, and the normal metallic state is entered
[1]. Experimentally, To2(H) is signalled upon cooling, by the onset of a strong diamagnetism
as well as by the vanishing of electrical resistance.

From a phenomenological point of view, the “high T.” copper-oxide superconductors
differ from conventional low T, superconductors due to the dramatically enhanced role that
thermal fluctuations play {2]. This is due to the high values of T, the very strong anisotropy
arising from the layered nature of the materials, and the large ratio of magnetic penetra-
tion length Ay to coherence length &. For a magnetic field oriented perpendicular to the
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copper-oxide planes, theoretical models have predicted [2-5] that thermal fluctuations will
cause the vortex line lattice to melt at a T well below the 7., where the amplitude of the
locally fluctuating ¢ vanishes. Between these two temperatures is a new vortex line liquid
state. Experimentally, this picture has been supported by the observation that, in high T,
materials, the onset of reversible diamagnetism occurs at a temperature well above that
where resistance vanishes [6]; the separation between these temperatures increases with in-
creasing B. According to this picture, the onset of diamagnetism at T.(H) is associated
with a growth in superconducting correlations, giving rise on short length scales to a finite
superconducting wavefunction ¢(r) in terms of which vortex lines can be defined. This T,
marks a strong cross-over region, rather than a sharp thermodynamic transition. In the
resulting vortex line liquid, free diffusion of vortex lines gives rise to “flux flow” electrical
resistance [1]. The vanishing of resistance only occurs at a lower T when the line liquid
freezes mto a lattice.

MODEL

To investigate the above scenario we have carried out Monte Carlo simulations using the
uniformly frustrated XY model as a model for a fluctuating superconductor [7]. Making the
London approximation that the amplitude of the superconducting wavefunction is constant
outside of a vortex core, ¥(r) = |[¢|e?(®), and discretizing the continuum to a cubic mesh of
points, the Hamiltonian for our system is

H[G,] = — Z']U COS(H{ — 01' - Az‘j) (1)
(i3}

where 0; is the phase of the wavefunction at site 2 of the cubic mesh, the sum is over nearest
neighbor bonds, A;; = (27/¢0) f7 A-dl is the integral of the magnetic vector potential across
the bond, and J;; = J, or J, is the anisotropic coupling in the direction of the bond. The
argument of the cosine is the gauge invariant phase difference across the bond, and is thus
proportional to the supercurrent flowing along the bond. Since cosine is quadratic for small
arguments, Eq.(1) represents the kinetic energy of the flowing supercurrents. If we identify
the discrete spacing along Z as the distance d between copper-oxide planes, and the discrete
spacing in the zy plane as representing the short length cutoff for a vortex core of radius &,
we have

[
S’

;- _dud _ %ok g
T =3 VRGN SV X

where A; and A, are the magnetic penetration lengths within and normal to the copper-oxide
planes, respectively. We define an anisotropy parameter 7 as

J_L /\~ (l . |
=\ =—-. 3
=V TG 3)

In our model of Eq.(1) we ignore spatial variations and fluctuations in the internal
magnetic field, taking V x A = Bz a uniform constant. This should be valid provided
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[7] that B is so large that the spacing between vortex lines a, = {/¢o/B < AL (so the
magnetic fields associated with each vortex line strongly overlap), yet B is small enough
that a, > & (so details of the vortex cores are not important). The anisotropy must also
be such that d < A%2/),, so that Josephson coupling between the planes dominates over
magnetic coupling [5,8]. For our simulations, we thus take the A;; as fixed constants, chosen
to give a particular fractional density f = BE2/¢o of vortex lines penetrating the zy plane

[9].

To model a particular material, we would like to map out the phase diagram as a function
of T and magnetic field B, for a fixed value of anisotropy n. However, due to commensu-
rability difficulties between the triangular vortex lattice preferred in a continuum and the
discrete sites permitted by our numerical mesh, different vortex line densities would form
lattice structures of differing symmetry in the ground state. Since we are computationally
limited to a fairly coarse mesh, this would make direct comparison of systems with differ-
ent B difficult. We therefore choose to map out the phase diagram as a function of T and
anisotropy 7, for fixed B. We can see however, using dimensional arguments, that increasing
n at fixed B, is similar to increasing B at fixed 7. If we measure any transition temperature
T. in units of J,, then the dimensionless T,./J, can only depend on the other dimension-
less parameters of the model, the anisotropy 7 = A,d/A &, and the vortex line density
f = B&%/do = (é0/a,)?. Since our London approximation ignores details of the vortex cores,
if we consider the continuum limit of our model, a, > &, we expect that T,./J, should be
at most weakly dependent [10] on the core radius £. The only combination of 7 and f that
is independent of & is n?f. Thus, the dominant dependence of T./J, on n and f can only
be through some function of nf ~ n2B.

We can further argue how transition temperatures should depend on the quantity »*f.
In the limit of extreme anisotropy, n — oo, we have completely decoupled planes, and
the transition temperature should be independent of 7; thus we expect T, ~ .J,. In the
limit of a nearly isotropic system, n ~ 1, we expect that 7. should be independent of the
spacing between planes d; thus we expect T, ~ Jy /nv/F = (¢2/1673 2} ( AL /A, )(do/ B)'/2.
These are in fact the predictions for the melting temperature based on Lindemann criterion
calculations [2].

RESULTS

We now simulate the Hamiltonian (1), using periodic boundary conditions in all direc-
tions, on meshsizes L x L. To test for superconducting coherence, we compute the helicity
moduli Y, (T') and Y.(T) which measure the stiffuess with respect to applying a net gradient,
(“twist”) in the phase of the wavefunction along directions perpendicular and parallel to
the applied magnetic field [7]. The helicity modulus in direction 2 is given by the phase
correlation :

1 R .
Y (T) = <L2 17 > Jijcos(0; — 0; — Ay;) (8, - u)z>
L7 ()

2

1 . ..

TTINL <[Z Jijsin(8; — 0; — Ay ) (& - u)} > (4)
= \ (@)
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where &;; is the unit vector from site ¢ to j. Y, and Y, are proportional to the density of
superconducting electron pairs for currents flowing perpendicular and parallel to B. When
Y, is positive, there is superconducting coherence in direction . When Y, vanishes, super-
conducting coherence is lost.

We also measure the specific heat of the system using the usual energy fluctuation for-
mula. A peak in the specific heat locates the temperature at which, upon cooling, there is a
dramatic freezing out of thermal fluctuations and the system looses the bulk of its entropy.
We will take the location of the specific heat peak as indicating the cross-over temperature

Tc2 [11]

We carry out our simulations with a B yielding a fractional density of vortex lines
f =1/15. The ground state, shown in Fig. 1, is a nearly triangular vortex line lattice. OQur
runs are typically 10,000 sweeps through the mesh to equilibrate, followed by 128,000 sweeps
to compute averages. These simulations are about 9 times longer than in our previous work

[7}-

FIG. 1. Ground state locations of vortex lines in the zy plane for line
density f = 1/15 on a cubic mesh. Vortices form a nearly triangular lattice

with sides V18 x V18 x V17.

A sample of our results, for the case of n = /10 is shown in Fig. 2. We see that Y,
vanishes at a T,, significantly lower than the 7., where Y, vanishes. We show data for
heating and cooling, for three different mesh sizes, 15°, 303, and 15% x 120. We see no
appreciable hysteresis comparing heating and cooling, nor is there any apparent finite size
effect as Ly and L. are varied. By computing the density-density correlation function of
vortices in the zy plane, we identify T, as locating the melting of the vortex line lattice [7].

For T' < T., we have an ordered vortex lattice which is commensurably pinned to the
discrete mesh, resulting in a finite Y, . For T' > T, we have a vortex line liquid of unpinned
diffusing vortex lines; the resulting “flux flow” resistance drives Y; — 0. Between 7. and
T.. we have a vortex line liquid which retains superconducting coherence in the direction
parallel to the applied magnetic field. These results are in complete agreement with our
earlier simulations [7] on a similar zsotropic model. In contrast to these earlier simulations

however, we now see that, in agreement with experiment, both 7., and 7. lie noticeably
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below the cross-over T,, as determined by the specific heat peak.

15° heat
153 cool
30° heat
30% cool
152x120 heat
152x120 cool

helicity moduli and specific heat

0.6 0.8
temperature T

FIG. 2. Helicity moduli Y, and Y, and specific heat C versus temperature
T for anisotropy 7 = v/10 and vortex line density f = 1/15. Heating and
cooling for three different system sizes are shown. Y, Y,, C, and T are all
measured in units of J .

Carrying out simulations at other values  on a 15 size mesh, we show in Fig. 3 the
resulting phase diagram in the 5 — T plane. The T,, line locates the melting of the vortex
line lattice. The T, line locates the loss of coherence parallel to the magnetic field. The line
“Cpear” locates the peak of the specific heat, which we take as the cross-over temperature
T,,. For T > T,.; we have the normal metal. For T., > T > T.. we have a vortex line liquid,
with resistive behavior in all directions. For T, > T > T, we have a vortex line liquid with
superconducting coherence parallel to B. For T.; > T we have a pinned Abrikosov vortex
line lattice.
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FIG. 3. Phase diagram in the anisotropy—~temperature plane for vortex
line density f = 1/15. T is measured in units of J, and £, in units of d.
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The solid phase boundary lines for 7., and T, are fits to a simple form T = a + b/,
as motivated by our discussion at the end of the preceding section. If we fit the lowest five
data points (those for n < 7,,) to a power law, we find T,y ~ 1/7%°"* and T,. ~ 1/5°%¢,
in excellent agreement with our dimensional argument that characteristic temperatures at
small 7 should scale as T ~ 1 /5. We can also fit the melting temperature at these low 5 to
the form predicted by a Lindemann criterion [2], T.; = 4¢3 (¢2/1672A2 )} (AL /A ) (¢o/B)/? =
4wc? Jo /n\/f, where the Lindemann parameter ¢ = (u?)/a? gives the average displacement
of a vortex line from its equilibrium lattice position, at melting. We find ¢z, = 0.14. At large
n, we see that T, approaches a constant value 7%, which we have found from independent
simulations to be the melting temperature for an isolated two dimensional plane.

The cross-over from small to large n, where the discreteness of the layering along 2
becomes important and one approaches the two dimensional limit, can be estimated, fol-
lowing our discussion at the end of the previous section, by the criterion 52 f ~ 1, or, using
f = BE:/do = (£0/av)?, as 1 = a,/&. Using an effective elastic medium approximation
to describe vortex line fluctuations in the line lattice, one can show [2] that for n < 7.,
the dominant wavenumber ¢, of fluctuations at melting satisfies the condition d < =w/q.,
and hence the layering of the material is averaged over. For n > 5. however, the dominant
wavenumber is at d = 7/q., and layering is important. Some theoretical models [5] have
predicted that 5. will mark a dramatic change in behavior, reflecting a three dimensional to
two dimensional cross-over. In Fig. 3 we indicate the cross-over 7.,. We see that the specific
heat peak for n > 7., is independent of 5. Thus at these high temperatures and anisotropies, -
our three dimensional system is behaving as effectively decoupled layers. However we see no
dramatic change in behavior for T,; and 7., as 7. is crossed. In particular we continue to
find T., > T, for all > 7.

An intriguing question concerning behavior in the vortex line liquid is how easily lines
can cut through each other. This has important consequences for line diffusion. If lines
cannot cut, they can be effectively pinned by their mutual entanglements [3,12]. To investi-
gate this we have computed the average number of vortex line intersections, N, present in
any instantaneous configuration of the system. An intersection is defined when two vortex
lines enter and leave the same unit cell of the mesh, and corresponds to vortex lines with
overlapping cores. Once two lines intersect, they are free to cut through each other, or even
to detach and reconnect different ingoing and outgoing segments. We define the “cutting
length” ¢ = fL3L./N. as the average distance (in units of d) along % between cuts of the
magnetic field induced vortex lines. ¢, gives a crude measure of the average length over
which a vortex line remains a well defined string, or equivalently a measure of the number
of planes which remain correlated. In Fig. 3 we show contours of constant & = 2, 4, 6,
and 10 in the n — T plane. We see that planes are essentially uncorrelated at temperatures
above the specific heat peak. Correlations grow as one starts to cool below the specific heat
peak towards T, but cutting remains relatively frequent throughout most of the vortex line
liquid.

117




DISCUSSION

We have computed the phase diagram of a fluctuating type Il superconductor in the
anisotropy temperature plane. OQur results are consistent with general experimental obser-
vations, that vortex lattice melting occurs well below the cross-over T, associated with the
formation of local superconducting order. Our melting curve agrees well with that predicted
by the Lindemann criterion. No dramatic change in critical behavior is seen at the so-called
3d-2d cross-over anisotropy 7.,. We find that vortex line cutting can occur over most of the
vortex line liquid region. From our earlier isotropic simulations [7] we believe that cutting
can be frozen out on long time scales only for 7' < T..

We find a new distinct transition 7, inside the vortex line liquid [13]. For T,y < T < T,
we have a vortex line liquid with superconducting coherence parallel to the applied magnetic
field. Recent “flux transformer” experiments [14,15] on YBCO single crystals show that there
is a temperature “T},” below which vortex line correlations parallel to B become comparable
to the thickness of the sample. “T},” is clearly found to be above the “T;,,” where resistivity
transverse to B vanishes. Resistivity parallel to B however appears to vanish at “T3,”. A
phenomenological fit [14] shows that the region over which correlations parallel to B grow,
extends over the entire region between T, and “T3,”. If we identify “T%,” with our T, T;,,
with our T, and T,; with our specific heat peak, our results are in complete accord with
these experimental finding. These experiments on YBCO are carried out in the “3d” region
corresponding to n%f < 1. Similar results in the “2d” region 5%f > 1 have been reported in
artificial MoGe/Ge multilayers [16].

By consideration of other properties of the vortex line system, such as vortex density-
density correlation function, density of thermally activated vortex rings, and vortex winding.
the picture we have formed of transitions in the anisotropic vortex line system is as {ollows
[7]. Upon heating, the vortex line lattice melts into a vortex line liquid, in which vortex lines
maintain a well defined identity in passing down the thickness of the system. As T increases,
transverse fluctuations increase, and thermally excited vortex rings appear between adjacent
zry planes. At T, these rings have so proliferated that they link up all the magnetic field
induced vortex lines into a percolating tangle; one can find a connected path of vortex line
segments that travels completely around the system in the direction transverse to the applied
magnetic fleld. As T increases, the correlations between planes decreases, and each plaue
behaves more like an uncoupled two dimensional liquid of point vortices. Finally, as T, is
reached, thermally excited vortex rings may now pierce the zy planes, creating the analog of
vortex-antivortex pairs in a 2d layer. The proliferation of these rings leads to an explosion
of vorticity in the planes, destroys the local fluctuating superconducting wavefunction in the
plane, and results in the cross-over to the normal metallic state.
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ABSTRACT

We present progress on our work to develop synthesis methods to aid in the design of
cost effective approaches to waste minimization. Work continues to combine the
approaches of Douglas and coworkers and of Grossmann and coworkers on a
hierarchical approach where bounding information allows it to fit within a mixed
integer. programming approach. We continue work on the synthesis of reactors and
of flexible separation processes. In the first instance, we strive for methods we can use
to reduce the production of potential pollutants, while in the second we look for ways

to recover and recycle solvents.

INTRODUCTION

We summarize progress made on the following topics which we are pursuing in this work.

1. Integration among design levels for process synthesis in order to develop cost effective waste
minimizing processes.
2. Quantitative targeting approaches for the synthesis of reactor networks

3. Synthesis of nonideal separation sequences for byproduct recovery and reuse.

MULTILEVEL SYNTHESIS OF PROCESS FLOWSHEETS

The main objective of this project has been to develop a new framework for the synthesis of total
processing systems that can address the issue of generation of superstructures and optimization under
a methodology that combines preliminary screening and MINLP optimization. This challenge was in
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fact proposed by the late David Rippin at the session on process synthesis at the FOCAPD Meeting in
1989.

The basic question that we have addressed over the past year is how to develop a search procedure
that avoids solving a single flat MINLP that contains all the alternatives of interest for a process
flowsheet, and that in principle is capable of producing the same result as if the single MINLP had
been solved at once. The emphasis in this work has been on the development of a design
methodology that integrates thermodynamic analysis (mostly second law analysis), the hierarchical
decomposition by Douglas and the MINLP optimization developed by our group at Carnegie
Mellon.

To provide a conceptual basis for our work we had developed in our previous work an abstract
mathematical model for characterizing aggregated models. These models are higher level
representations that are given in terms of algebraic relations for equations and variables that
-guarantee bounding properties with respect to the original problem. These aggregated models must
be derived for each problem at hand, but one particularly useful framework is the one that relies on
thermodynamic analysic as described below. Given aggregated models at various level of abstraction
and that obey bounding properties, the question that arises is how to integrate these within a
multilevel strategy for flowsheet synthesis.

We have developed a multilevel synthesis strategy that can be viewed as a hierarchically driven
tree enumeration in which simultaneous optimization models at increasing levels of detail are
considered for predicting bounds on the profit. The basic idea for the enumeration consists of
applying a hierarchical decomposition that involves four major levels: input/output, reaction,
separation and heat integration.

Rather than relying directly on Douglas' procedure, our approach consists of a branch and bound
search coupled with aggregated or "black box" models that through their predicted bounds allow us
to eliminate many alternatives in the search. The aggregated models consist of higher level
representations that are physically based and that make use of stoichiometry and thermodynamic
analysis. The basic idea is to combine high level or black box models with superstructure
optimization models. In particular, at the input/output level thermodynamic availability is considered
to estimate a lower bound for the energy requirements in addition to minimum material flows. At the
reaction level, a superstructure model is considered together with thermodynamic models for
separation and heat integration. At the separation level the reactor network is fixed while the heat
integration is treated as a "black box" using the Duran and Grossmann model. Finally, at the heat
integration level a fixed flowsheet is considered with a superstructure for a heat exchanger network.
Note that each level gives rise (o a simultaneous optimization model at different levels of complexity.
Normally at the input/output level the optimization problem corresponds to an NLP subproblem,
while at the heat integration level it corresponds to an MINLP problem.

The search of the optimal flowsheet involves the multiple levels within a rigorous tree search
whose terminal nodes correspond to feasible NLP solutions of the flowsheet. One advantage of this
strategy is that it involves the solution of NLP and MINLP subproblems which are much smaller than
the original MINLP problem. The potential drawback is that the number of subproblems to be
solved can be rather large. We tested this strategy with the HDA process by Douglas. In a restricted
version of this problem, our proposed method required the enumeration of only few nodes.
Furthermore, the predicted upper bounds on the profit were rather tight. This is due to the
anticipation of energy requirements at the higher levels of decision (e.g. input-output structure).
Shown in the figure below is the flowsheet obtained from the proposed method.

‘Mark Daichendt, the student working on this project is finalizing the writing of his Ph.D. thesis.
The manuscript of this work [1] is currently under preparation. The next major step in this project is
the integration of operational considerations as part of this design methodology.
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PROFIT = 5.887 M$/yr

22.3% improvement

Membrane reduces H, feed flowrate by 50%
Coversion per pass 62.8% compared to 56.6%

Figure 1. HDA process synthesized using proposed method

REACTOR NETWORK SYNTHESIS FOR WASTE MINIMIZING PROCESSES

The public is demanding processes that are environmentally benign. One of the most efficient
approaches to designing such processes is to increase raw material conversion to product rather than
wasteful byproducts. In this work we consider the development and application of optimization-
based process synthesis tools to improve reactor and separation process performance to improve the
environmental characteristics of processes.

We apply systematic process synthesis approaches to the design of the reactor network to
maximize the overall conversion to useful product and thus minimize harmful byproducts. This
approach is based on concepts of attainable regions in concentration space and is supported by
powerful, large-scale optimization tools. Examples that can benefit from this approach are processes
for the manufacture of chlorinated hydrocarbons especially allyl chioride and vinyl chloride, two
high volume polymer intermediates. The improvements made by this approach can also validated by
rigorous process simulation models.

We use these approaches to improve both economic and environmental performance.
Specifically we describe recently developed techniques for process synthesis and extend them to
consideration of reactor networks and their interaction with other process subsystems.

The nature of the reaction mechanism and the resulting reactor design frequently determines the
entire character of a chemical process. Once a kinetic route is chosen and a quantitative (not
necessarily a mechanistic) rate law has been established, the flow pattern, mixing characteristics and
rates of heat addition or removal have a strong influence on product yield and selectivity. The
reactor effluent then determines the downstream separation sequence which then impacts on the
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energy network. More importantly, the generation of hazardous waste is almost always the result of
the characteristics of the reactor network.

Over the past three decades process synthesis methodologies for heat exchanger and separation
systems have seen considerable research activity. Many of the resulting synthesis methods are either
rule-based or graphical techniques driven by physical insights; others can be formulated as well-
characterized optimization problems. For example, efficient synthesis methods based on pinch
technology have been established for heat exchanger networks [2]; design of simple separation
networks has been formulated as a structural optimization problem and azeotropic separation
sequences can be synthesized through phase plane analysis (see next section). However, relatively
little research has been done for reactor network synthesis. Here well-known heuristics for single
reactions or series-parallel systems [3, 4] may yield inconsistent or conflicting results when dealing
with more complex systems. On the other hand, quantitative optimization approaches lead to
difficulties as a result of nonlinear reactor models (frequently described by partial differential
equations) and in solving large, nonconvex optimization problems.

A much more efficient approach was recently developed, based on the construction of an
attainable region [5]. This approach uses geometric properties to find a region in concentration space
that cannot be extended by further reaction or mixing. Once known, the determination of the
optimum point is greatly simplified. Construction of the attainable region is accomplished by
analyzing the rate vector field and determining a surface that is a) convex (all points can be mixed),,
b) has no rate vectors pointing out of the region (cannot be extended by further reaction), and ¢) no
rate vectors external to the region can be reversed back into the region (cannot be extended by a
mixed reactor). Thus, a simple graphical approach can been used to derive superior reactor
networks; this approach has been demonstrated for numerous reaction mechanisms.

The attainable region can be constructed efficiently in two and even in three dimensions [6], but,
for larger reaction systems, a graphical approach has clear limitations. As a result, Balakrisnan and
Biegler [7] adapted these attainable region concepts so that they can be formulated as small nonlinear
optimization problems for reaction mechanisms of any dimension. Consequently, optimal reactor
networks can now be synthesized for arbitrarily complicated reaction mechanisms, through small and
inexpensive optimization problems. This approach has also been extended to nonisothermal systems
{8] with only slightly more complicated optimization problems. Finally, Lakshmanan and Biegler [9]
recently considered this approach for the synthesis of waste minimizing processes. In addition,
refinements of this optimization-based approach using a compact MINLP strategy have been
presented recently by Lakshmanan and Biegler [10].

While construction of the reactor network is not difficult from the boundary of the attainable
region, the attainable region itself also provides information on the performance of the reactor
network without explicitly constructing it. Instead, compact optimization formulations can be used to
target reactor performance, and these can be embedded into larger process systems. For instance, an
attainable region formulation can be substituted for a complex reactor model, and this can be
coupled to the recycle and separation network as well as a heat exchanger network. By combining
these systems, a resulting optimization formulation can exploit the interactions and the synergy
among these subsystems, and far better processes can result. Balakrishna and Biegler [8, 11] have
shown how this approach can be coupled to heat exchanger network and separation synthesis
formulations with the result that very complex flowsheets can be synthesized and optimized
simultaneously. :

The waste minimization problem also forms an important component to be addressed by reactor
targeting and here we also include the waste treatment step into the synthesis procedure. In our
research we apply these synthesis techniques to processes for reaction mechanisms and rate laws that
are well-known. As an example we consider a simple (allyl chloride) Van de Vusse process to
illustrate the reactor targeting approach and demonstrate its potential.
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Example Problem

Consider the simplified allyl chloride process shown in Figure 2. Propylene and chlorine are mixed
and reacted at high temperature to allyl chloride, hydrogen chloride and dichlorinated byproducts.
The reactor effluent is flashed to separate the unreacted propylene and chlorine and hydrogen
chloride from the reaction products. This mixture is sent to a scrubber to recover the hydrogen
chloride and recycle the reactants. On the other hand, the reaction products, allyl chloride,
dichloropropene and dichloropropane, are further separated downstream and the dichlorinated
compounds are discarded. The reaction can be described by rate expressions from Groll and Heame
[12] and, if chlorine is assumed in excess, the system follows van de Vusse kinetics: A --> B --> C, A
--> D where A, B, C, and D are propylene, allyl chloride, dichloropropene and dichloropropane,
respectively. This process is well-characterized and has been the subject of numerous studies [13, 14].

This process was modeled in GAMS, an optimization/modeling platform, using the targeting
concepts explained above along with simplified separation models. The resulting formulation
consists of 542 constraints and 523 variables and was solved in 3.0 CPU sec’s on an HP 9000/720
workstation. Here it tums out that the optimal reactor network is a tubular reactor (as in practice) but
with the falling temperature profile shown in Figure 3 (as opposed to the adiabatic profile used in
practice). This falling profile can also be used to exploit the heat of reaction elsewhere in the
process. While this is frequently done, the heat recovery network is usually constructed sequentially,
without changing process conditions to its advantage. In fact, if we are able to synthesize the heat
exchanger network simultaneously with the reactor system, the overall profit can be increased by over
90%. A comparison oi the sequential and simultaneous optimization is given in Table 1. Note that
the overall conversion of propylene to allyl chloride increases from 49.6% to 61.5%. This results
from a higher selectivity to main product vs. waste, lower conversion per pass, higher recycle and
lower feed requirements.
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Figure 2. Allyl chloride process flowsheet

Additionally, we constrain the amount of hazardous waste being produced in the optimization
formulation and can synthesize a maximum profit reactor network for a given waste limit. This
allows us to establish an optimal trade-off curve of profit (before waste treatment) vs. waste generated,
as shown in Figure 4. While waste treatment costs can be directly incorporated into this problem
directly, the trade-off curve provides a very useful tool for decision-making when confronted with
uncertain waste treatment costs and changing regulations.
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Figure 3: Reactor temperature profiles
Table 1. Comparison between sequential and simultaneous optimizations
Sequential Simultaneous
Overall Profit 38.98 * 105 $/yr 74.02 * 105 $/yr
Overall Conversion 496 % 61.55 %

Hot utility load 3.101 * 105 BTU/r 2.801 * 105 BTU/r
Cold utility load 252.2 * 106 BTU/r 168.5 * 106 BTU/hr
Fresh Feed A 8.057 * 104 1b/hr 6.466 * 104 1b/hr

Degraded Product C 3.112 * 104 Ib/hr 1.44 * 104 1b/hr
By-Product D 0.933 * 104 1b/hr 1.00 * 104 1b/hr.
(Recycled) A 1.22 * 104 Ib/hr 1.963 * 104 1b/hr

As future work we nlan to consider and further develop the following topics:

- development of large-scale nonlinear programming tools for optimization formulations based
on differential-algebraic models.

- advanced software environments for the rapid development and prototyping of reactor and
process models

- development and enhancement of fundamental concepts for reactor targeting and extension
to separation and waste treatment systems

- access to rigorous process models embedded within the ASPEN simulator as well as the CRDT
reactor design program.

A major goal of our research will be the demonstration and refinement of an optimization-based
process synthesis methodology for waste minimization of important chemical processes. Process
models developed in ASPEN and CRDT along with the optimization formulations for reactor
targeting can then be developed for more rigorous process evaluation.

125




0.087

0.067

PROFIT * 10000 $/hr

o
2

0.02
3.0 3.5 4.0 4.5

WASTE * 10000 Ib/hr

Figure 4: Allyl Chloride trade-off curve (noninferior curve)

SYNTHESIS OF NONIDEAL SEPARATION SEQUENCES FOR BYPRODUCT RECOVERY AND
REUSE.

We have been working on methods to synthesize separation processes for liquid mixtures displaying
azeotropic and liquid/liquid behavior since 1989. In this work we developed SPLIT, an expert system
for the synthesis of such processes [15, 16, 17, 18]. We also developed many insights for separating
mixtures that allowed, for example, the prediction of the all the reachable products that a
conventional and an extractive three component distillation column can produce, where the operation
of the column ranged from total reflux to reversible [19, 20, 21]. The pinch trajectories
corresponding to reversible operation allowed the computation of how far column operation can
cross the so-called residue and distillation curve boundaries. These trajectories can be very rich --
having multiple branches.

The computations to support each decision in the synthesis of separation processes for azeotropic
mixtures are very extensive, causing us to term this approach "analysis-driven synthesis."

We have recently extended the insights for continuous distillation processes to batch distillation-based
processes [22]. In the course of developing these insights, we investigated unconventional batch
column configurations such as those shown in Figure 5. The leftmost is a conventional batch still
with a pot at the bottom. The second is a top pot column where the condenser has large holdup and
one draws off a bottom product. The third is the most interesting and is a batch column with a center
stage holdup. It has both a stripping and an enriching set of trays. It can be run with either heating
or cooling of the pot. As Morari and coworkers [23] reported, this configuration cuts utility use in
half (generally not economically significant, but interesting). It also allows one to double the
throughput, making essentially two cuts in the time a conventional column can make cne (more
significant economically), but, of coure, it will be more expensive to purchase. We also show an
optional extractive agent feed in the top section of the column. The fourth is a conventional batch
column with an extractive agent fed continuously as one carries out the separation. We can break
azeotropes with the last two configurations.
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We are working on comparing the optimal operation as found using optimal control to how we
would predict one should operate such a column using the above insights, where the insights give
bounds on the solvent flow vs. reflux ratio vs. the amount of material separated [24].

Flexibl .

The recovery of solvents from processes is an important environmental problem. If several processes
at a single site share a single solvent recovery system, then we find the need to design such a system to
operate with a variety of potential feed compositions and flow rates.

Collocation models: To carry out the synthesis of flexible separation systems, we identified the need
to reduce the analysis burden, especially to determine the detailed behavior of a column. . We often
needed to solve tray-by-tray models. Unfortunately these computations involve fixing the number of
trays in each of the column sections and guessing the reflux ratio to use to effect a desired separation.
It is difficult to know the number of trays and a suitable reflux a priori.

Based on work by others [25, 26, 27], we [28] developed a collocation model for distillation.
Such models have had difficulty in producing accurate composition profiles when portions of the
profiles flattened out, as in a column where there are too many trays or where one seeks high purity.
We introduced two variable transformations to our collocation model. The first maps trays ranging in
number from zero to infinity onto the range zero to one:

z=1-e%

where z is the transformed stage location and s is the original tray number. The second
transformation mapped composition from the range zero to one into the range minus infinity to plus
infinity:

-1<2(x-0.5)=tanh(¢) = Ei:.f..
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where x is composition and £ is the transformed composition. Both change the shape of the column
profiles to those more easily characterized by low order polynomials.

Our collocation model involves a feed
tray, a condenser, a reboiler and two tray
stacks, as shown in Fig. 6. We models the tray
stacks as two opposing collocation sections,
where the transformed tray number z is zero

at the opposing ends of each section and
nonzero where they merge. Testing of this
model on several example problems, where
the components range from displaying ideal
to azeotropic behavior, shows it compares
very favorably to that obtained using tray-by-
tray computations, even for cases for sharp
separation and too many trays. We have
developed a robust computation method that
creeps up on the solution (continuation for
degree of separation and model refinement to
move from ideal to nonideal equilibrium
models).

Flexible design: We have used this model for
column design and optimization. Our latest
use is for the design of a single flexible
column. We defined flexible operation as
being able to operate at steady-state with any
§ one of a given set of alternative feeds to the
Figure 6. Reduced order column model column. g'II‘he designer sets the fraction of

time each feed will exist for the column so we
can compute appropriate operating costs relative to capital costs.

A conventional optimization code fails to simultaneously converge a column model and move to
an optimum solution. We therefore use a grid of nine column designs -- using our robust procedure
to creep up on the solutions for each column, one for each feed. For each feed we fit a quadratic
polynomial to characterize a column's reflux ratio vs. total trays and feed tray location. The
optimization code has no difficulty with this very reduced model in finding the optimal diameter and
total number of trays for the column. It also picks which tray to feed and what reflux rate to use to
operate the column for each feed.

If the optimal design is at the edge of the nine grid points used to characterize the model, we
compute more column designs to place that point interior to the grid and repeat Tests include both
nearly ideal and azeotropic mixtures.

Future work on flexible separation process synthesis: To design flexible complete processes
comprising several columns, we are examining setting up a superstructure model for separating feeds
from anywhere in a composition diagram using the ideas presented recently by Sargent [29]. He
treats each azeotrope as a new species. For each distillation region, he puts the bounding components
(pure and azeotropic) into an order that corresponds to their volatility and develops a superstructure
for separating them. Curvature of the distillation boundary influences possible products. His rules
also suggest where recycling should be allowed. We shall attempt to optimize this superstructure
using the design approach we developed earlier for a single flexible column. We are also examining
the potential of using A-teams [30] as an approach to carrying out the optimization. Our concern is
that the optimization of superstructures is likely to have multiple local optima, a problem that A-
teams may address effectively.
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ABSTRACT

The batch process development problem serves as good candidate to guide the
development of process modeling environments. It demonstrates that very robust
numerical techniques are required within an environment that can collect, organize,
and maintain the data and models required to address the batch process devel-
opment problem. This paper focuses on improving the robustness and efficiency
of the numerical algorithms required in such a modeling environment through the
development of hybrid numerical and symbolic strategies.

1 INTRODUCTION

Over the past twenty five years process modeling technology has emerged as an invaluable and
widely used tool for the solution of many problems in process design and operation {1]. A major
current trend in this technology is the evolution of equation-based simulation tools, such as SpeedUp
(2], ASCEND [3], POLYRED [4], or ABACUSS [7], into process modeling environments in which
a common reusable process model may be used reliably for a variety of different computational
tasks, such as steady-state and dynamic simulation, steady-state and dynamic optimization, data
reconciliation and parameter estimation, etc. [6]. Concurrently to these advances in the underlying
technology, it is necessary to investigate the complex process design tasks that might be addressed
by such software. In this context, we can envision sophisticated software environments that can
collect, organize, and maintain the data and models required to address complex design problems,
and facilitate the seamless application of numerical algorithms to steps in the solution of the overall
problem. '

A process design task that serves as a good candidate for this approach is the batch process
development problem recently formalized by Allgor et al[5]. In the specialty chemical and phar-
maceutical industries, major competitive advantages can be derived from the rapid development
of efficient batch processes with low environmental impact. Allgor et al.[5] present an industrial
case study in which the combined discrete/continuous simulation capabilities of ABACUSS [7] are
used to develop a process design significantly more efficient than that resulting from a direct im-
plementation of pilot scale experiments in the large scale plant. A prototype methodology in which
process modeling technology is employed for batch process development is also presented.

Our current research is addressing two major issues in refining this methodology and making
it accessible to the practicing engineer: development of a suitable software environment, Batch

* Author to whom correspondence should be addressed.
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Developer, that implements this methodology and coordinates the overall process development, and
further developments of the underlying process simulation and optimization technologies driven by
the challenging problems posed by the steps of the methodology. A simultaneous investigation of
these two issues is proving particularly fruitful. This paper will focus on advances in the second
category.

A major advantage of a process modeling environment, particularly when applied to problems
such as batch process development, is the potential to decouple the process model from the nu-
merical solution procedures applied to it. In addition to enabling a variety of different calculations
to be performed with a single model, this feature frees the engineer to concentrate on the correct
formulation of the model and the design, rather than the details of the numerical solution proce-
dures. While this is a very desirable goal, it places very stringent demands and constraints on the
robustness and generality of the solution procedures. Our experience has demonstrated that current
technologies do not provide the level of robustness or efficiency required for routine application of
modeling technology to the batch process development problem.

Detailed modeling of batch processes requires the use of combined discrete/continuous simula-
tion applied to differential-algebraic models exhibiting complex and highly nonlinear behavior [8].
This problem is further complicated by the fact that during a batch operation state variables may
vary over many orders of magnitude (e.g. the composition profile in a batch distillation column),
and several physical regimes (e.g. the phase changes in a solvent switch operation). Recent research
on combined discrete/continuous simulation (7, 9] has led to the development of what is termed
an interpretative simulator architecture. In contrast to the more conventional code generation ap-
proach, in which the model is automatically coded as a FORTRAN subroutine and then linked
with numerical solvers, the interpretative approach creates an image of the process model as data
structures in machine memory, and during a simulation these data structures are ‘interpreted’ to
pass residuals, partial derivatives, etc., to numerical solvers. The interpretative approach is ideally
suited to discrete manipulation of the mathematical model at any point during the combined dis-
crete/continuous simulation [10], and reporting and diagnosis of problems or errors in the solution
process [11].

A further advantage of the intepretative architecture is that the complete functional form of
the model is available in explicit symbolic form for analysis and/or manipulation throughout the
entire simulation. This symbolic information has the potential to be extremely useful in addressing
the issue of robustness discussed above. In addition, it prompts an investigation of hybrid symbolic
and numerical strategies for more robust and efficient solution of simulation and optimization
problems. This paper reports on the progress and results of our preliminary investigations. The
current implementation of the interpretative architecture in ABACUSS serves as the platformn for
our efforts.

The next three sections of the paper identify areas in which the robustness and efficiency of
existing numerical techniques can be improved. Section 2 demonstrates shortcomings of current
numerical integration techniques for the solution DAEs and identifies improvements. Scction 3
demonstrates the potential for exploiting the interpretative architecture for the efficient solution
dynamic optimization problems. Finally, section 4 investigates a new method for the solution of
large scale highly nonlinear optimization problems.

2 ROBUST NUMERICAL INTEGRATION OF
DIFFERENTIAL-ALGEBRAIC SYSTEMS

As noted above, models of batch processes typically give rise to systems of differential-algebraic
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equations (DAEs):
f(x,x,u,t) =0
u = u(t) (1)

where x,x € R", u € Rl and f : R” x R® x R! x R — R™. Standard BDF codes for numerical
integration of DAEs provide certain guarantees on the accuracy of the numerical approximation.
Results from the application of ABACUSS as part of a batch process development strategy, partic-
ularly the batch distillation of certain wide-boiling mixtures, indicate that under certain situations
these guarantees break down. This section demonstrates the new result that a breakdown of the
error control mechanism can stem from an ill-conditioned corrector iteration matrix. Bounds are
derived that define the conditions under which the accuracy can be guaranteed, and scaling tech-
niques are investigated to mitigate the problem. ABACUSS is currently interfaced to the DASOLV
[12] implementation for sparse unstructured systems. Comparisons of DASOLV are made with the
widely used dense implementation DASSL [13]

Accuracy is maintained by adapting the step size to control the local truncation error (DASSL
also controls the interpolation error, using the more restrictive criteria to determine the allowable
step size.) The local truncation error is defined as follows for both DASOLV and DASSL [13]:

error = M - ”xc ~ xP” <1.0 (2)

where xC is the corrected solution and x¥ is the predicted solution. In DASOLV M is defined as
the inverse of the step size (h); M varies with the order of the method and the step size in DASSL,
but for a first order method when h,41 < hy,, M approaches —ll‘_t{:‘h— Note that in both cases the
truncation error scales with the integration step size, and the user requested tolerances are buried
in the definition of norm used in (2).

The DASOLV implementation allows the step size to be reduced up to eight times before
declaring that the step is too small. This permits large differences between the predicted and
corrected values of certain variables to be accepted when the step size becomes small.! For example,
Figure 1 shows the trajectory of the condenser duty for a batch distillation simulation performed
with ABACUSS. The model has no discontinuities, and the observed ‘spikes’ are the result of
successful integration steps with a very small step size. Effectively, the error control mechanism has
broken down but solution has continued. On the other hand, the DASSL implementation defines
a minimum allowable step size. This criterion is more likely to cause the equally undesirable
premature termination of the simulation (a familiar phenomenon to experienced users of these
codes).

The fact that DASOLV continues integration has enabled elucidation of the source of the
problem: an ill-conditioned corrector iteration matrix. The corrector employs a modified New-
ton method, terminating iterations based on the size of the update vector Ax calculated in exact
arithmetic.

lAx| <7 (3)

Assuming that the predictor provides an initial guess within the region of convergence of Newton’s
method and that the operations are performed using exact arithmetic, the superlinear convergence
of Newton’s method [14| bounds the distance from the current iterate x; to the solution x* using
the Newton update Ax and the convergence rate 3 as follows:

B

Ty (4)

%
X - x* < Axpll < 1
e =7l < T2 1A%l <

"The norm employed in DASOLV, a weighted root mean square norm, is scaled by the system size, so it is less
restrictive than a weighted infinity norm.
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Condenser Duty versus Time
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Figure 1: Plot of condenser duty resulting from ABACUSS simulation.

Unfortunately, the criterion defined in (3) cannot be applied directly because the only information
available is the size of the Newton update Ax calculated using floating point arithmetic. However,
as long as the current iterate is within the region of convergence, we need only demonstrate that
(3) is satisfied to attain the desired accuracy. The following linear error analysis uses Ax and the
condition number of the iteration matrix (x(J)) to derive conditions under which (3) must hold.

The criterion of (3) dictates that Ax must lie in a closed neighborhood of the origin of radius
7, defined by N(0). Although the exact location of Ax is not known, Ax must lie within a closed
neighborhood of radius 7 > ||§z|| of the numerically calculated update Ax. Thus, (3) will hold as
long as N,(Ax) C N,(0). Linear error analysis is used to prove the following: If there exists a Ax
such that (5) and (6) are satisfied, then N,(Ax) C N-(0).

[5] < ——1 6)

1+n(J)'ﬁ|

_ 51
[a] < - (J)”ufn”

Linear perturbation analysis provides the following bounds.

6|l [67]]
ot oz =
[l 6] 651l
< &S
llAx|] [I£]]
Combining (5) and (7) using the triangle inequality produces (9) which shows that ||Ax|| < 7.
ll6J ||
(M |l

Given that ||Ax|| < 7, (8) provides an upper bound for ||6z||.

T > "Ax“ (14 &(J)———

> |[5x] + gl 2 f1ax] o)

joel < @) g 1AL < w08 =
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(6) shows that “H” + r is bounded from above by 7, which implies that ||§z| < 7 by applying

the triangle inequality. Thus, N,(Ax) C N,(0), an (3) must hold.
In the best case, the only error in the calculation process comes from storing the original data,

so the error in the data is bounded by the machine unit roundoff €. In this case, |6 f|| < €||f|| and
16J]] < €]|J)|. Thus, (6) reduces to (11).

"Z‘i“ < 1(1 - &(J)e) (11)

If the condition number is high, then we admit the possibility that the accuracy cannot be main-
tained. The condition number of the iteration matrices from the previously mentioned batch
distillation experiments, show that it is impossible to find a Ax to satisfy (11).

To obtain solutions to such numerical experiments, the condition number of the iteration matrix
must be reduced, or the simulation must be performed in higher precision. Scaling the variables and
the equations of the model offers the opportunity to improve the conditioning of the matrix. An
ad hoc application of variable and equation scaling on the distillation model has shown significant
improvement in the conditioning of the iteration matrix. Therefore, automated scaling techniques
are currently being implemented within ABACUSS. Variables are adaptively scaled throughout the
simulation, since a given variable may change over orders of magnitude during the simulation of a
batch operation. The equations will be scaled based on their functional form.

3 HIGH-INDEX FORMULATIONS FOR DYNAMIC OPTIMIZATION

A subproblem of batch process development is the design of optimal operating policies for
individual processing tasks [5]. For example, system level targets may require the selectivity from a
reaction task to be maximized, and this can be achieved by searching for the optimal time profiles
for reactant feed rate and reactor temperature. This subproblem can in principle be posed as a
dynamic optimization problem. However, adequate models are relatively large and must reflect
nonideal phase behavior, complex reaction kinetics, and discontinuous physical behavior. Further,
formulations must accurately reflect equipment constraints such as design pressures, which typically
translate into path inequality and equality constraints. The combination of these issues poses severe
problems for current dynamic optimization algorithms {15, 16]. This section introduces a combined
symbolic and numerical strategy that has the potential to solve large scale dynamic optimization
problems with general path constraints in an efficient manner.

The indez of a differential-algebraic system is defined as the smallest integer I such that the
system formed from equations 1 and their first I time derivatives define x(t) as locally unique
functions of x(¢) and ¢ [13]. According to this definition, a system of ODEs is index-0. The term
high-indez is usually used to refer to systems with index > 2. High-index DAEs can occur for two
reasons. On the one hand, equations 1 may be inherently high index due to engineering assumptions
made in the derivation of the model. On the other hand, the index of the system may be raised by
the choice of which subset of model variables are specified as explicit functions of time u in order
to satisfy the degrees of freedom (DOF). This latter property is of interest here. Note that in this
context, even a system of ODEs may be made high index by specifying an output trajectory rather
than an input trajectory.

In dynamic optimization, the functions u(t) are the decisions. If path equality constraints
involving x are appended to equations 1, this reduces the DOF and raises the index. Path inequality
constraints can be treated in a similar manner by introducing slack variables. In this case, the index
is raised locally while the inequality is active. Hence, any solution method must adapt to changes
in the index as the trajectory is traced.
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The control parameterization approach to the solution of dynamic optimization problems [16]
relies on a decomposition in which an augmented DAE system is repeatedly integrated to evaluate
the objective function and gradients for a master NLP, which has as its decision variables the
parameters of the basis functions chosen to approximate u(t). Current approaches [16] avoid the
difficulties associated with integration of high-index systems [17] by removing path constraints from
the DAE system, and lumping their violation over the entire time interval into terms in the master
NLP. This infeasible path approach is less than satisfactory because the master NLP is provided
with little information concerning the path constraints, and this leads to an excessive number of
expensive DAE integrations.

We are investigating a feasible path control parameterization approach that includes all path
constraints explicitly in the DAE subproblems. This should lead to a dramatic reduction in the
number of DAE integrations required to solve path constrained problems. This work is predicated
on the ability to solve high index systems reliably. Mattsson and Soderlind [18] have presented
an algorithm in which the over-determined system of index-1 DAEs that can be derived from a
high index system by differentiation is made fully-determined by the symbolic substitution of time
derivative variables by ‘dummy’ algebraic variables. However, there are no reports on the appli-
cation of this algorithm to anything other than small problems due to numerical issues associated
with a large-scale implementation (dummy pivoting). We are currently resolving these issues and
implementing the algorithm in ABACUSS.

Mattsson and Soderlind’s approach uses Pantelides’ [19] structural algorithm to identify which
equations to differentiate in order to derive the index-1 system, and symbolic differentiation can
perform the necessary differentiations. We have successfully implemented these two steps in ABA-
CUSS and are currently using this feature for consistent initialization of large scale high-index DAE
systems.

We have also demonstrated that certain classes of dynamic optimization problems can be solved
extremely efficiently by deliberately making them high-index. In this case, the problem reduces to
a NLP in terms of the model variables at a finite number of points. This is similar to the collocation
approach [15] but gives rise to NLPs that are dramatically smaller.

4 ROBUST OPTIMIZATION OF LARGE SCALE HIGHLY NONLINEAR
PROBLEMS

Many problems in process development and design give rise to large, highly nonlinecar mathe-
matical programming problems. Consider the following nonlinear program (NLP):

min /(%) (12)
st. hix) = 0 » (13)
gx) =2 0 (14)

The first-order necessary conditions for optimality are the well known Karush-Kuhn-Tucker (KIKT)
conditions, which are a mixture of nonlinear equations and inequalities. It is shown by Mangasar-
ian that the complementary slackness condition in the KKT conditions can be reformulated as
an equivalent set of nonlinear equations [20]. After applying Mangasarian’s theorem, the KKT
conditions become:

Vf(x)-Vhx)Tv-vVgx)Tu = 0 (15)
hix) = 0 (16)
M(|gi(x) —uil) - M(gi(x)) - M(w;) = 0 Vi (17)
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where M : R — R is a strictly increasing function with M (0) = 0. This set of equations will be
solved using the globally convergent homotopy continuation method. A similar approach has been
proposed by Brengel and Seider [21] in an attempt to coordinate design and control optimization
and by Sun and Seider [22] in Gibbs free energy minimizations. The ability to dervive equations
(15-17) automatically by symbolic differentiation and manipulation in an equation-oriented simu-
lation environment plays a pivotal role in this approach for solving large-scale NLPs. In addition,
symbolic manipulation techniques are being investigated to improve the performance of the homo-
topy continuation method itself.

Homotopy continuation has been used in the past to solve systems of equations when a good
starting point is not known or when the equations contain many singularities. Suppose F(x) =0
is a set of equations we are interested in solving. One popular homotopy is the convex linear
homotopy given by:

H(x, \) = AF(x) + (1 — A)G(x) (18)

where A is the homotopy parameter and G(x) is set of equations which has a known solution x°.

The idea behind homotopy continuation is to begin at A = 0 and x = x°, where H(x% 0) = 0, and
track the homotopy path given by H(z,A) =0 to A = 1 and x = x*, a solution of F(x) = 0.

One particular homotopy is the Newton homotopy where G(x) = F(x) — F(x?). The homotopy
map is given by: :

H(x,\) = F(x) - (1 - )F(x°) (19)

Parameterizing x and A with respect to the arclength of the homotopy path, and differentiating,
we obtain:
d\

==
Combining this equation with equation (19) and rearranging, we obtain:

VF(X)% + F(x?) 0 (20)

dx _ d)/ds

— =75 VF(®)'F(x) (21)

Now consider the global Newton method. The global Newton method can be interpreted as the
integration of the autonomous ODE system:
dx

— = ~VFx)'Fx) (22)

A damped Newton method, given by the iteration formula
xFtl = x* - oF VR (xF) T F(x*) (23)

can be obtained by a first-order explicit integration of equation (22) with a stepsize, o, selected such
that “F(xk+1)|| < ”F(x’“)“ Now consider the successive quadratic programming (SQP) algorithm
for nonlinear optimization. SQP converges to an optimum by obtaining search directions from the
solution of a quadratic program (QP) subproblem formed by taking quadratic approximations of
the objective function and linear approximations of the constraints. The current point is updated
by moving in the direction obtained in the QP a stepsize determined by minimizing some merit
function. It can be shown that the directions obtained in the QP subproblem are the same as the
directions obtained by applying Newton’s method to the KKT conditions of the NLP, considering
only the active constraints (i.e. inequality constraints equal to zero). Thus, SQP can be interpreted
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as applying a damped Newton method to the IKKT conditions. In the homotopy continuation
approach for solving NLPs, the KKT conditions are solved using homotopy continuation. The
relationship between homotopy continuation and the damped Newton method indicates that SQP
and the homotopy continuation approach for solving NLPs are quite similar.

Although these two approaches are similar, using homotopy continuation has the following
advantages. First, homotopy continuation can locate solutions where other methods fail due to
both lack of a good initial guess and the presence of singularities. Homotopy continuation is
globally convergent with probability 1 [23] and, unlike the related global Newton method, remains
stable near singular points [24]. Second, under reasonable assumptions, the homotopy path given
by (18) is a connected one-dimensional submanifold. This feature makes it possible to track out
several solutions using homotopy continuation. Being able to track out multiple (possibly all) KKT
points is, in many cases, better than obtaining a single global minimum (for example, the global
minimum is useless if it is not possible to control the plant when operating at that point). Finally,
deriving equations (15-17) does not change the sparsity of the original problem. Therefore, this
approach should be able to handle large NLPs with many degrees of freedom. These properties
suggest this approach has the potential to be effective in solving large-scale, non-convex NLPs
with highly nonlinear constraints and many degrees of freedom, where the performance of SQP is
seriously degraded.
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